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OVALS, DUALITIES, AND DESARGUES’S THEOREM 
T. G. OSTROM 


Introduction. Consider a projective plane with m + 1 points on each line, 
An oval € is a set of m + 1 points, no three of which are collinear. 


DEFINITION. (1) A line which contains two points of € will be called a 
secant of G. 

(2) A line which contains exactly one point of € will be called a tangent of 
€ or an absolute line. 

(3) A line which contains no points of € will be called an exterior line of G. 

Each point of € lies on exactly one tangent of €. Qvist (10) has shown 
that, for m odd, no three tangents of € are concurrent. For m odd, we can make 
the following definitions. 


DeFIniTIon. (4) A point which lies on two tangents of € will be called an 
exterior point of G. 

(5) A point which lies on no tangents of € will be be called an interior 
point of ©. 

(6) Points of € will sometimes be referred to as absolute points. 

There is a natural correspondence between secants and exterior points. 
Each secant contains two absolute points; by taking the point of intersection 
of their tangents a definite exterior point is determined corresponding to the 
secant. Let the point corresponding to a given secant be called the pole of the 
secant, the secant will be called the polar of the point. The number of exterior 
points and the number of secants are both equal to 4n(m + 1) (the number of 
pairs of absolute points). Since there are n? + n + 1 points in all, » + 1 of 
which are absolute, the number of interior points is 4n(m — 1). Now Baer 
(1) has shown that the absolute points of a polarity form an oval unless n 
is a square or is even. Segre has shown that, in a Desarguesian plane, every 
oval determines a conic. It is well known that a conic in a Desarguesian plane 
determines a polarity. 

The following form of Desargues’s theorem holds in any plane admitting a 
polarity: “If two self-polar triangles are perspective from a point, they are 
perspective from the polar of that point.’’ While we do not restrict ourselves 
to Desarguesian planes, we find that Desargues’s configuration comes up again 
and again for suitably restricted pairs of triangles. 

In §1, we study certain kinds of collineations which carry an oval into 
itself. In §2, we study certain respects in which an oval resembles a conic in a 
Desarguesian plane, especially in its relations to a modified type of harmonic 
set. In § 3, we specialize the results of §2 to the case where the oval consists 
of the absolute points of a polarity. In §4, we consider ovals in cyclic and other 
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transitive planes. In §5, we show the existence of Fano’s configuration for 
certain planes with m even. Except in $5, we restrict ourselves to odd values 
of m. The author is greatly indebted to the referee for suggestions which led 
to the inclusion of §2. 


1. Collineations carrying an oval into itself. In this part, we consider 
collineations ¢ satisfying the following conditions: (1) ¢ must carry some oval 
€ into itself. (2) Excepting the identity, no power of o leaves fixed any points 
which are not left fixed by a itself. 

o, then, may leave certain points fixed, but the other points are arranged 
in cycles whose length is equal to the order of c. 

We list some fairly obvious properties of c: 

1.1. Any collineation which carries € into itself must carry exterior points 
of € into exterior points and interior points into interior points. 

1.2. Since the g.c.d. of m + 1, 4n(m + 1) and $n(m — 1) is 1, o must leave 
at least one point fixed. 

1.3. If an exterior point U is fixed, its polar is fixed, and vice versa. This 
follows from the fact that the two tangents through U must either be fixed 
or mapped into each other. In turn, the corresponding points of tangency 
must either be fixed or mapped into each other. 

1.4. If the fixed points of ¢ constitute a proper subplane with m, + 1 points 
on a line, and one of the fixed points belongs to ©, then m, + 1 points of € 
are fixed and the fixed points of € constitute an oval of the subplane. 


Proof. Let A be a fixed point of ©. There are m, + 1 fixed lines through A, 
one of which will be the tangent at A. The other will be secants. But if we have 
a fixed secant through a fixed absolute point, the other absolute point on the 
secant must also be fixed. 


1.5. If three points of € are fixed, the fixed points of the plane constitutea 
proper subplane, since the poles of the corresponding secants must also be 
fixed. 

1.6. If (a) no points (b) one point (c) two points or (d) m, + 1 points of € 
are fixed, then the order of o divides (a) m + 1, (b) m, (c) m — 1, or (d) m — ny. 
This is essentially a generalization of some of the results in (9). See (2, 
Theorem 3) for a further characterization of o if the order of ¢ is a prime 
power. 

It should perhaps be noted that properties 1.1, 1.3, 1.4, and 1.5 apply to any 
collineation carrying € into itself. 


THEOREM 1.1. If o leaves invariant a proper subplane with n,+1 points on a 
line, and if all of the fixed points are interior, then the order of o divides 


(4(m + 1), m+ 1). 


Proof. If a secant were fixed, the exterior point which is its pole would 
also be fixed. Hence there are no fixed secants. Similarly, no tangents are 
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fixed. Hence the fixed lines are all exterior lines. Since each exterior point 
lies on two of the m + 1 tangents, it follows that half of the points on an 
exterior line are exterior and the other half are interior points. (Similarly, a 
secant contains 4(m — 1) exterior points and 4(m — 1) interior points). 
Consider a fixed exterior line u. The order of ¢ must divide the number of 
non-fixed interior points on u, which is $(m + 1) — (m; + 1). But the number 


of non-fixed exterior points on u is 4(m + 1), so that the order of ¢ must also 
divide 4(m + 1). 


THEOREM 1.2. If o is of even order, and leaves invariant a proper subplane 
with n, + 1 points per line, at least one point of which belongs to ©, thenn = n,* 
and none of the fixed points is interior. 


Proof. lf « is of even order, some power of ¢ is of order 2 and has the same 
fixed points. Without loss of generality, take o to be of order 2. By property 
4, m, + 1 points of € are fixed. These m, + 1 points determine }$,(m, + 1) 
fixed secants. In addition, the remaining » — m, points of € are interchanged 
in pairs, thus determining $(m — m,) fixed secants. Each fixed secant determines 
a fixed point. The number of fixed interior points is then 


ny? + my +1 — (m1 + 1) — $i(m, + 1) — 9 (nm — m) = 4 (n;? — n). 
But (6) 2 > n,’. 

This theorem would seem to be closely related to Mann's theorem (7) 
that a cyclic plane possesses a multiplier of even order only if is a square, 
since, as we shall see, there are ovals in cyclic planes which are left invariant 
by the multipliers. We have been unable to obtain any interesting results 


for the case where no point of € is fixed except that $(m + 1) exterior points 
remain fixed if the order of ¢ is even. 


THEOREM 1.3. If the fixed points of o consist of the points on a line u and a 
point U not belonging to u or ©, then (a) a is of order 2; (b) every triangle and its 
image satisfy Desargues’s theorem; (c) if U is exterior, u is its polar; (d) if U 
is exterior and AB, CD are two secants through U, where A, B, C, and D are 
absolute points, then the secants AC and BD intersect in a point of u, similarly, 
AD and BC intersect in a point of u. 


Proof. (a) Every line through U is fixed. Let AB be a fixed secant through 
U. Then A = B, or A and B are fixed. But at most two points of € lie on u 
and there are at least $(m — 1) (fixed) secants through U. Hence at least 
one pair of absolute points on a secant must be interchanged. (b) Let V, W, 
X be three non-fixed collinear points and let V;, W:, and X, be their images. 
Then the lines VV;, WW, and XX; are fixed lines and must intersect in U. 
The lines VW and V,W, are each other’s images and must intersect in a point 
on #. Similarly, the other pairs of corresponding sides intersect in a point on u. 
(c) If U is exterior, its polar is a fixed line not through U and hence must be u. 
(d) Since A= B and C2 D, it follows that AC—= BD and AD= BC so 
that these pairs of lines must intersect in u. 
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THEOREM 1.4. Suppose that, for every point U not on an oval G, there is a 
collineation taking © into itself which leaves U and every point on some line u 
fixed (u depending on U) then € determines a polarity. 


Proof. Since all secants through U are fixed, their poles are fixed and lie 
on the line u. If U is interior, define the polar of U to be u, U the pole of wu. 
With this extended relation of pole and polar, it is still true that a line is 
fixed if and only if its pole is fixed. Now, if we consider all lines through any 
point U, their poles must lie all on a certain line u. Note that only one such 
collineation is possible for each point U, since if there were two such collinea- 
tions a; and a2 then o; o:~' would leave every point of € fixed and o,0,~' is 
the identity. 


2. Harmonic sets and harmonic ovals. 


DEFINITION. An ordered set of collinear points {AB: CD} will be said to be 
harmonic with respect to the oval © if (1) A and B belong to G, (2) C is an 
exterior point, and (3) D is on the polar of C. When only one oval is under 
discussion, we shall merely speak of a harmonic set of points. The point D 
will sometimes be referred to as the fourth harmonic point or the harmonic 
conjugate of C. 


DEFINITION. A perspectivity between the points of a secant and the points 
of a secant will be said to be a perspectivity on € if either (1) the point of 
intersection of the secants is not absolute and absolute points correspond to 
absolute points, or (2) the secants intersect in an absolute point A, the center 
of perspectivity is on the tangent at A, and absolute points correspond to 
absolute points. The symbol x between two sets of points will indicate that 
they are related by a perspectivity on €. 


AssumPTION Al. Let {AB: UE} and {A,B,: UE,} be harmonic sets on two 


secants intersecting in the exterior point U. Then ABUE = A,B,UE, and 
ABUE =x BiA,UE,. 


Remark. Assumption A1 is a consequence of Theorem 1.3 (d). In a Desargue- 
sian plane, sets harmonic with respect to € are harmonic sets in the ordinary 
sense, and Assumption Al is satisfied. Much of what we say about ovals 
applies as well to a curve € in an infinite plane provided that € has the 
following properties: (1) no three points of € are collinear; (2) no three 
tangents to € are concurrent. (At each point of € there must be a tangent 
which contains no other points of €.) Now in the infinite case, we have a very 
natural example of a plane in which A1 is satisfied. We refer to the well known 
example (8) of a non-Desarguesian plane constructed by distorting the 
interior of a conic in a Desarguesian plane. 


DerIiniTion. If Assumption Al is satisfied for every exterior point of an 
oval &, we shall call € an harmonic oval. 
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THEOREM 2.1. Jf U and V are exterior points of the harmonic oval ©, and 
V is on the polar of U, then U is on the polar of V. 


Proof. Let A bea point on G, not on the polars of either U or V. Then the 
line UA is not a tangent and intersects € in another point B. Similarly, let 
the line VA intersect € in a point A;. Now A; cannot be on the polar of U, 
else the line VA is the polar of U, contrary to the choice of A. Hence the line 
UA, intersects € in another point B,. Let {AB: UE} and {A,B,: UE;} be 
harmonic sets. By Assumption Al, the lines AA,, BB,, and EE; are con- 
current. But EE, is the polar of U. Therefore, AA, and EE, intersect in V, 
since V is on the polar of U by hypothesis. Hence BB, goes through V. 


Now let {AA,: VD} and {BB,: VF} be harmonic sets. Again, by Assumption 
Al, AB, A,B, and DF are concurrent. But DF is the polar of V, while AB 
and A,B, intersect in U. Hence U is on the polar of V. 


LemMMA 2.1. Let U and V be conjugate exterior points of an harmonic oval 
©, (t.e., U and V are on each other's polars) then (a) the line UV is a secant 
if n = 1 (mod 4), (b) the line UV is an exterior line if n = — 1 (mod 4). 


Proof. Let A be an absolute point not on the polars of U or V and not on 
the line UV. As in the proof of Theorem 2.1, a set of four absolute points 
AA,BB, is determined such that U and V are diagonal points of the quad- 
rangle AA,BB,. The n + 1 points of € occur in sets of four points, omitting 
(1) two points each on the polars of U and V and (2) the absolute points, 
if any, on the line UV. If UV is a secant, then 4 must divide n—1 = (n+-1) —2. 
If UV is an exterior line, then 4 must divide m + 1. 


THEOREM 2.2. If nm = 1 (mod 4), the fourth harmonic point is always exterior, 
while if nm = — 1 (mod 4), the fourth harmonic point is always interior. 


Proof. Consider the lines connecting an exterior point U to the exterior 
points on its polar u. If m = 1 (mod 4), every one of these lines is a secant. 
There are 4(m — 1) exterior points on u and }$(m — 1) secants through U. 
Thus all of the secants are accounted for and in each one of these cases the 
fourth harmonic point is exterior. If m = — 1 (mod 4), every one of these 
lines is an exterior line. All of the exterior lines are accounted for and the 
remaining non-absolute lines through U must be secants which intersect u in 
interior points. 


COROLLARY. Given a collineation which (a) carries the oval € into itself 
(b) is not of order 2, (c) leaves fixed a proper subplane with n, + 1 points on 
each line, (d) leaves at least one point of © fixed, then n = m, (mod 4). 


Proof. The fixed points of € form an oval in the subplane. If » is not equal 
to 2, a secant is fixed if and only if its absolute points are fixed. A fixed exterior 
point of € is an exterior point of the oval and is the pole of a fixed secant 
which will also be a secant of the oval €,. Sets harmonic with respect to ©; 
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are harmonic with respect to €, and a point of the subplane is respectively 
interior, exterior or an absolute point of ©, if and only if it is an interior, 
exterior or absolute point of €, as the case may be. Thus if the fourth harmonic 
point is always exterior or always interior in one case, it must be so in the other 
case also. 


DerFiniTiIon. A triangle consisting of an exterior point U and two absolute 
points A and B such that U is the pole of the secant AB will be called a funda- 
mental triangle. 


THEOREM 2.3 Let A, B, Ax, B, be four points on the harmonic oval ©. Let 
C and C, respectively be the poles of the secants AB and A,B,. Then if AB and 
A,B, intersect in an exterior point U, the fundamental triangles ABC and 
A,B,C, are perspective from a point. If AA, and BB, also intersect in an exterior 
point, the triangles are also perspective from a line. 


Proof. Since U is on the polar AB of the exterior point C, C is on the polar 
of U. Similarly, C, is on the polar of U. Let E and E, be the respective points 
of intersection of CC, with AB and A,B,. Then {AB: UE} and {A,B,: VE;} 
are harmonic sets. Therefore, A4A:, BB; and EE; = CC; are concurrent in a 
point V and the triangles are perspective from V. Let D and D, be the respec- 
tive poles of the secants AA, and BB;. Then the fundamental triangles AA ,D 
and BB,D, are perspective from the line CC,. Similarly, if V is an exterior 
point, the triangles ABC and A,B,C, are perspective from the line DF. 


THEOREM 2.4 Let A, B,C, A;, B;, Ci be six distinct absolute points of an 
harmonic oval ©. If AA;, BB,, and CC, intersect in an exterior point V, and if 
P, Q, R are the respective points of intersectica of the pairs of lines AB, A,B; 
BC,, BiC; AC;, AiC; then P, Q, and R are collinear. 


Proof. Let {AA,: VE} and {BB,: VD} be harmonic sets. Then AA, VE x 
B,BVD, i.e., lines AB;, A,;B, and ED are concurrent, where the line ED is 


the polar of V. Thus P is on the polar of V. Similarly, Q and R are on the polar 
of V. 


Coro.uary. If two harmonic ovals have five points A, B, C, Ai, and B, in 
common, and if AA, and BB, intersect in a point U exterior to both, then either 
the line UC is a common tangent or contains another point C, common to both. 


Remark. Qvist (10) has shown that if two ovals have half of their points 
in common, they are identical. Our Corollary suggests that five points may 
determine an harmonic oval if there are no proper subplanes. 


THEOREM 2.5. Let A, B, C be three points on a secant, and let A*, B*, C? 
be three points on another secant, where A, B, A*, B* are absolute points of the 
harmonic oval © and the two secants intersect in an exterior point. Then A, B, 
and C can be carried into A*, B*, C* by the product of at most two perspectivities 
on &. 








seem 
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Proof. Suppose that CA? is not a tangent. Then the line CA? contains 
another absolute point B,. Let BB, and AA? intersect in O,. Then 


ABC x A*B,C x A*B°C?. 
If CA? is a tangent, a similar argument can be made using one of the lines 
CB?, C*A, or C*B unless all of these lines are also tangents. In this case, C is 
the pole of A*B*, while C? is the pole of AB. Then, by Theorem 2.3, the 
fundamental triangles A*B*C and ABC? are perspective from some point O, 
and ABC = A*B?°C°. 

DEFINITION. A point to point transformation from a secant onto a secant 
will be called projective with respect to © (or merely, projective) if it carries 
sets harmonic with respect to the harmonic oval € into sets harmonic with 
respect to G. 


THEOREM 2.6. A collineation which carries © into itself induces a projective 
mapping between the points of a secant and its image. 


DEFINITION. If m = 1 (mod 4), a triangle VU VW such that each of the exterior 
points U, V, W is the pole with respect to the oval € of the opposite side of 
the triangle will be called a self polar triangle with respect to ©. If V and W are 
on the line 1, the triangle will be said to be a self polar triangle on I. 


THEOREM 2.7. Let nm = 1 (mod 4). Let l and 1, be two secants of the oval G, 
intersecting in an exterior point. Then a perspectivity from 1 onto 1, will be pro- 
jective with respect to © if and only if self polar triangles on | are perspective to 
self polar triangles on l,. If the center of perspectivity is an exterior point V, the 
triangles are also perspective from the polar of V. 


Proof. A perspectivity on € carries absolute points into absolute points. 
If C is the pole of 1 and C, is the pole of 1, it follows from Theorem 2.3 that 
the center of perspectivity is on the line CC;. If CDE is a self polar triangle, 
then {AB: DE} is a harmonic set, where A and B are the absolute points on I. 
The image {A,B,: D,E,} of {AB: DE} will be a harmonic set if and only if 
D, and E, are on each other's polars, i.e., C,:D,E; is a self polar triangle. 
The last part of the Theorem follows from Theorem 2.1. 


Assumption Al does not tell us much about interior points. If » = — 1 
(mod 4), it is natural to extend this assumption in the following manner: 

AssumPTION A2. If {AB: UE} and {A,B,: UE} are harmonic sets with 
respect to the oval ©, where the point E is an interior point, then 

ABUE x A:B,UiE, ABUE x B,A,U:E. 

We shall also make use of another Assumption. (Note Theorem 2.3.) 

AssuMPTION B: Given two fundamental triangles ABC and A,B,C;, where 
A, B, Ai, B; are absolute points of the oval ©, then the triangles are perspective 


from the intersection of the secants AA,, and BB, and also from the point of 
intersection of the secants AB, and A,B. 
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LEMMA 2.2. If nm = — 1 (mod 4), and Assumptions Al, A2, B are satisfied 
for the oval ©, then the poles of the secants through each interior point O are 
collinear. 


Proof. Given any secant, corresponding to each exterior point on that secant 
there is an interior point which is its harmonic conjugate. Since the number of 
exterior points on a secant is equal to the number of interior points, it is 
likewise true that for every interior point on a secant there is an exterior point 
on the secant which is its harmonic conjugate. Let AB be a secant through O, 
and let U be an exterior point such that {AB: UO} is a harmonic set. Let U; 
be the pole of the secant AB. We shall show that the pole of every secant 
through O lies on the line UU. 

Let CD be any other secant through O and let {CD: VO} be a harmonic 
set. Let V; be the pole of CD. Then, by Assumption A2, the lines AC, BD, and 
UV are concurrent. Thus the line UV connects the point of intersection 
of the lines AC and BD with the point of intersection of AD and BC. Now 
consider the fundamental triangles ABU, and CDV. The two sets of lines 
AC, BD, U,V; and AD, BC, U,V; are respectively concurrent. The lines 
UV and U,V, must be the same, i.e., V; lies on the line UU. 


THEOREM 2.8. If m = — 1 (mod 4), and Assumptions Al, A2, and B are 
satisfied for the oval ©, then © determines a polarity. 


Proof. The polar of an interior point O can be taken as the line containing 
the poles of the secants through O. We have completely determined a corres- 
pondence between points and lines. This correspondence will be a polarity 
if, for any two points U and V such that V is on the polar of U, then U is 
on the polar of V. Theorem 2.1 takes care of the case where both U and V 
are exterior. The case where U is exterior and V is interior is taken care of 
by the way in which we defined the polar of an interior point. U interior and 
V exterior can be handled in a similar manner. The case where both U and 
V are interior is readily handled by an argument similar to those used in 
Theorems 2.1 and 2.3. 


3. Conics in projective planes. As remarked before, Baer (1) has shown 
that the absolute points of a polarity form an oval unless m is even 
or a square. In §2, we had a sort of quasi-polarity but were restricted by the 
fact that the relation of pole and polar was restricted to exterior points and 
secants. 


DeFIniTion. A set of m + 1 points will be called a quasi-conic if (1) no 
three of them are collinear, and (2) they are the absolute points of a polarity. 


DeriniTion. A set of four collinear points {AB: CD} will be said to be 
harmonic with respect to the quasi-conic © if (1) A and B belong to G, (2) C 
and D are conjugate points of the polarity. 
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Assumption A. Let {AB: UE} and {A,B;: UE;} be harmonic sets with 
respect to the quasi-conic €. Then ABUE = A,B,UE, and ABUE =x B,A,UE,. 


DEFINITION. If Assumption A is satisfied for every pair of sets harmonic 
with respect to the quasi-conic €, then € will be said to be a conic. 


We will be able to put some of the theorems of §2 in a simpler form and to 
obtain some new ones. Many of the proofs are similar to those of §2, so we 
shall give the proofs only for those theorems which have no counterpart in 
§2. We shall number the theorems to facilitate cross-reference —e.g., Theorem 
3.3 will be analogous to Theorem 2.3. Theorems which carry over unchanged 
will be omitted. This will cause some gaps in the numbering of theorems. 


THEOREM 3.3. For a quasi-conic ©, the following propositions are equivalent: 

(a) Assumption A. 

(b) Given two fundamental triangles ABC and A,B,C, where A, B, Ax, 
and B, are absolute points, the triangles are perspective from the intersection of the 
secants AA,, and BB,, and also from the point of intersection of the secants 
AB, and A;B. 

(c) The triangles in (b) are perspective from the polars of the points which are 
the centers of perspectivity in (b). 

(d) If the points of a complete quadrangle are all absolute points, then the 


diagonal points form a self polar triangle—i.e., each point is the pole of the 
opposite side. 


THEOREM 3.4. Let A, B, C, A:, Bi, C; be six distinct absolute points of a conic. 
If AA,, BB,, and CC, intersect in a point V, and if P, Q, and R are the respective 
points of intersection of the pairs of lines AB,, A,B; BC;, B,C; and AC,, A,C; 
then P, Q and R are collinear. 


CorOLLaRY. If two conics have five points in common, then either they have 
a common tangent at one of these points or there is another point common to both. 


THEOREM 3.5. Let A, B, C be three points on a secant, and let A*, B*, C* be 
three points on another secant, where A, B, A*, B* are absolute points of a conic ©. 
Then A, B, C can be carried into A*, B*, C* by the product of at most two per- 
spectivities on ©. 


THEOREM 3.5.1. Let {AB: UT} be a harmonic set with respect to the conic &, 
where U is an exterior point. Then there is a complete quadrangle such that U 
and T are diagonal points, while A and B lie on the other two sides of the quad- 
rangle—i.e., {AB: UT} forms a harmonic set in the sense of the usual definition. 


Proof. Let U; be the pole of the secant AB, so that U,;A and U,B are 
tangents at A and B respectively. Let UA, and UB, be tangents from U, 
tangent at the absolute points A, and B,. Since U is on AB, U and U; are 
conjugate so that U; lies on A,B. 
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Let UA, and U,A intersect in X, 
UA, and U;B intersect in Y, 
UB, and U,A intersect in Z, 
UB, and U;B intersect in W. 
Then U and JU, are two of the diagonal points of the complete quadrangle 
X YZW. We shall show that T is the third diagonal point, i.e., XW and YZ 
intersect in T. 

Consider the fundamental triangles UA,B, and U,AB. By Theorem 3.3, 
they are perspective from the intersection of AB, and A,B, and also from the 
polar of this point. The corresponding pairs of sides are UA, U,B; UB, 
U,A; and AB, A,B,. The points of intersection Y, Z, and T are therefore 
collinear. Similarly, X, W, and T are collinear. Thus T is the third diagonal 
point. Since A and B lie on XZ and YW respectively, this completes our proof. 


THEOREM 3.7. A perspectivity on a conic © from a secant I onto a secant 1, 
will be projective with respect to © if and only if self polar triangles on | are 
perspective to self polar triangles on 1,. 


THEOREM 3.7.1. If perspectivities on © are projective with respect to the conic 
€, then any set harmonic with respect to the conic © can be carried into any set 
harmonic with respect to © by a product of perspectivities on C. 

The proof follows from Theorem 3.5. 


4. Ovals in transitive planes. A cyclic plane is a plane which possesses a 
cyclic group of collineations, transitive on the points of the plane. Zappa(12) has 
studied a more general class of transitive planes. The author is indebted to 
Professor B. Segre for suggesting that some of the results of this part might 
be applied to the more general class of transitive planes. 

A cyclic plane can be represented in the following manner: the points can 


be taken as a complete set of residues mod N = n? + n + 1. Let do, ai, ... , dp 
form a difference set mod N. That is, the set {a; — a,},i # j (i,7 = 0,1,...,n) 
contains each residue mod WN exactly once. For any fixed s, the set {a; — s} 
(¢ = 0,1,...,m) will also be a difference set. The sets {a; — s} can be taken 


as the lines of a projective plane and will be denoted by /,. In discussing cyclic 
planes, equations will denote congruences mod N. 

There are two known collineations in a cyclic plane: (1) the. mapping 
x—x + s, (2) for certain choices of m, the mapping x — mx is a collineation. 
Such values of m are called multipliers. Hall (5) has showed that all factors of 
nm are multipliers. There is at least one line which is left invariant by all 
multipliers. Take J, to be such an invariant line. 

Now the mapping x — /, forms a natural polarity (5). Two points x and y 
are conjugate points of the polarity if, for some i, x + y = a;, since then 
x € l, and y € l,. The absolute points of the polarity will be the points x 
such that 2x = a, (i = 0,1,...,m) and will be the points of a quasi-conic. 
(If is even, 2 is a multiplier and the absolute points all lie on J». See (1, p. 83)). 
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More generally, x — /,,2, forms a polarity in which x and y areconjugate 
if x + y = a, — 2s. The absolute points are the points x such that 2x = a,—2s 
or x = 4a,—s. Let ©, denote the set 4a,-—s (i = 0,1,...,m). ©, then 
is a quasi-conic for each s, s = 0,1,..., NW. Now, the set Gp» is a difference 
set mod JN. The sets €, form a projective plane 7; in the same way that the 
sets /, formed the plane x. Moreover, €» is invariant under the collineation 
x —> mx, m a multiplier. 


THEOREM 4.1. Given any three collinear points A, B, C, there exists a unique 
point D such that the set {AB: CD} is harmonic with respect to one of the quasi- 
conics &,. 


Proof. Since the conics €, form the lines of a finite projective plane 7, 
there is exactly one quasi-conic €, such that A and B are points on ,. 
With respect to €,, the point C has exactly one conjugate point D on the line 
containing A, B, and C. 


Next, consider the correlation x — 1,,,, where m is a multiplier. (From here 
on, to avoid continual use of subscripts, we shall use small letters near the 
beginning of the alphabet to denote elements of /».) A point x will be an absolute 
point of the correlation if it lies on its image line 1, i.e., if x = a — mx for 
some a € lo. The absolute points of the correlation are thus the solutions of 
the equations (m + 1)x = a, a € lo. Now if m + 1 is a divisor of zero, then 
m is congruent to —1 modulo some factor of N. By Mann's theorem (7) on 
multipliers of even order, m must then be a square. If m is not a square, we 
have exactly m + 1 absolute points x = a(m + 1)—', where a may take on 
any of the values do, ai,... , Gp. 

If a(m + 1)— is an absolute point, its image line Jpo¢msy-* =loomen~ 
is an absulute line, where b = ma € lp. 

We know that each absolute line contains at least one absolute point. 
Suppose that 1,(m41)~* contains the absolute point b(m + 1)-'. Then, for some 
c él, 

b(m + 1)-! = c — a(m + 1). 
Multiplying through by m + 1 and transposing, we get 
b—cm=c-a 
where a, b,c,cm € lp. Since ly is a difference set, this implies either 


— i 
or 
c=a cm =a 


Therefore, either b = am or b = am='. Conversely, if 6 = am or am=', then 
the absolute point b(m + 1)-' belongs to the absolute line J,¢m41)-". 

If m = 1, we have the polarity x — /, and each absolute line contains one 
absolute point. Even if m ¥ 1, we may have ma = a for certain a € ly if a 
is a fixed point under the collineation x — mx. In all other cases, each absolute 
line .¢m41)~* Contains the two absolute points am~'!(m + 1)-' and am(m + 1)! 
i.e., the image and inverse image of the absolute line. Hence 
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Lemma 4.1. Each absoltue line of the correlation contains at most two absolute 
pornts. 


Lemma 4.2. If (a) m is a multiplier, (b) n is not a square, (c) a € ly, ma ¥ a 
then (m + 1)a does not belong to |b. 


Proof. An element of I, multiplied by a multiplier gives an element of Jp. 
If (m+ 1)a € lh, then m(m + l)a and m?(m + 1)a also belong to J. If a, 
ma, m*a are distinct, we will be led to a contradiction of Lemma 4.1. If m*a = a, 
but ma #a, then (m — 1l)a +0, (m—1)(m+1)a=0 so that m+1 
is a divisor of zero which implies that n is a square. 


THEOREM 4.2. If n is not a square and if m is a multiplier #1, then m + 1 
is not a multiplier. 


Proof. lf m + 1 is a multiplier and a € 1, then (m+ l)a € lh. By Lemma 
4.2, this can only happen if ma = a for every a € Ip. Let (m — 1, N) = Ni. 
Let Nz = N/N,. If (m — 1)a = 0, then a must contain N2 as a factor. If 
this be true for every a € I, then all differences between elements of J, are 
multiples of Nz and J) cannot be a difference set. 


Coro.Liary. If m, and mz are multipliers, then m, + mz is not a multiplier, 


Remark. These are strengthened versions of Mann’s theorem 3 and Corol- 
lary 1 in reference (7). The corresponding proposition for m = 1 is as follows: 
“2 is a multiplier if and only if m is even.” This has already been noted by 
Hall (5). 

Of particular interest is the case where m = n. Now the set {a,} of points 
€ ly is the same as the set {n-'a,}; the set a,(m + 1)—' of absolute points is 
the same as the set {—a,} since m(m + 1) = — 1 (mod N = n?+ 24 1). 


THEOREM 4.3. The absolute points of the correlation x — l,, form an oval G*. 


Proof. We have already proved that there are » + 1 absolute points. 
Now if a and b € J, then the line 7,,, contains —a = b — (a + 5) and 
—b =a — (a + 5). Suppose that —a, —b, —c are collinear, where a, 3, 
c € lL. Then 1,,, = 1.4. = 14-80 thata +b =a+c=b+canda,b,andc 
are not distinct. 


THEOREM 4.4. Consider the collineation x — x + a — b, which carries —a 


into —b, where a,b € lo. The intersection of each line through —a and its image 
line through —b is a point of &*. 


Proof. The lines through —a can be written in the form 1,,, where c € ly. 
(If c = a, we have the tangent line at —a.) The image line under the collinea- 
tion is the line J,,--.4» = 1.4» which intersects /,,, in the point —c. 

We have earlier remarked that in any plane with a polarity, self polar 
triangles which are perspective from a point are also perspective from a line. 
We shall proceed to demonstrate pairs of self polar triangles which are perspec- 
tive from a point. 
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LemMaA 4.3. Jf a belongs to lo but is not equal to 0, N/3 or 2N/3, then —a, 


—na, —n’a are the vertices of a triangle which is self polar under the polarity 
x — I. 


Proof. Since a + na = — n*a, —n’a is the pole of 1,42, the line through —a 
and —na. Similarly, —a and —na are the poles of the other two sides. —a, 
—na, —n*a are distinct unless a = 0, N/3 or 2N/3. We have already seen 
that they are not collinear (Theorem 4.3). 


THEOREM 4.5. If n is odd and not divisible by 3, then there exist pairs of self 
polar triangles which are perspective from 0 and therefore from lo. 


Proof. 0 does not belong to J, unless n is divisible by 3 (3). Ifm = 1 (mod 3), 
N = 0 (mod 3) and there may be three lines invariant under all multipliers. 
If so, two of these will contain 0, but we can still take J) as a line which does 
not contain 0.) Likewise, 0 does not belong to the oval €*. Consider a secant 
intersecting €* in the points —a, —b where a, b € ly. Then the triangles 
—a, —na, —n*a and —b, —nb, —n’*b are the desired triangles provided 
a # N/3 or 2N/3. 

Suppose that a projective plane x admits a group = of collineations which 
(a) is transitive on the points and lines of x, and (b) the only element of = 
which leaves fixed a given point 0 is the identity. Zappa (12) calls such a 
plane a regular transitive plane. We shall need to require in addition that 
(c) = is abelian. 

Associated with each point x of x will be the element ¢, of = which carries 0 
into x. Let ly denote one of the lines of r. Let 1, be the image of J, under the 
collineation o;-'. Then if x € l,, ¢, = o,0,~' for some a € ly. If = is abelian, 
oy = oqo,~' and y € I,. Hence the mapping x — I, is a polarity. The absolute 
points are the point:. x such that ¢,? = o, for some a € lp. 

Let —x denote the image of 0 under o,~'; let x + y be the image of 0 under 
the collineation ¢,0,. If a and 6 € Jy then 1,,, contains —a and —b. As in 
Theorem 4.3, if ao, a1, ..., @, are the points of Jy it follows that —ao, —ai,. .., 
—a, form an oval €*. The analogue of Theorem 4.4 goes through. Let u be 
a collineation (not the identity) which leaves 0 and Jy fixed. Then yu will also 
carry G* into itself. Denote the image of x under yu by u(x). Then the mapping 
x — I) is a correlation. If x is an absolute point of this collineation, then 
Oz = O20 y2) for some a € Ip and o,0,2) = oq. As in Lemma 4.2, it follows 
that we cannot have points a and b € 1, such that o0,,») = o, unless u(b) = b 
or u?(b) = b. 

If u« is such that, for every point x, 


FzFy(z)Fy2(z) = FO 


then the absolute points of the correlation x —1,:.) satisfy the equation 


-1 
Gg = Fy(z) 


i.e., —a = w?(x), w-?(—a) = x where a € Jy, so that —a and w-*(—a) belong 
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to @*. Thus €* consists of the absolute points of the correlation x — /,:,). 
For the analogue to Theorem 4.5 to go through, u must be of order 3. 


5. The existence of Fano’s configuration. In this part, we are concerned 
with the case where m is even. Here we shall not be concerned with ovals, 
which do not have the same properties as when m is odd. However, Theorem 
5.1 is, in a sense, the counterpart of Theorem 4.5. Recall that, if m is even, 
and not a square, the absolute points of a polarity are the points of a line. 


THEOREM 5.1. Let the absolute points of a polarity be the points on a line o, 
and let O be the pole of o. Let A, B, C be the vertices of a self polar triangle, where 
A, B, C are not absolute points and are all different from O. Then the diagonal 
points of the complete quadrangle with vertices O, A, B, C are all on o. 


Proof. First we show that the lines OA and BC must intersect in a point of o. 
Let D denote the intersection of the line BC with o. Since A is the pole of BC, 
A is conjugate to D. Therefore, the polar of D goes through O and A. But D 
is an absolute point, hence the polar of D goes through D, i.e., the line OA 
contains D. Thus D is a diagonal point of the quadrangle OABC. Similarly, 
the other two diagonal points lie on o. 


Remark. Note that Theorem 5.1 does not require that the plane be finite. 


THEOREM 5.2. In a cyclic plane, if n is even and not a square, if a € lo, 
then 0, —a, —2a, —4a are the vertices of a complete quadrangle for which the 
diagonal points are collinear. 


Proof. For a cyclic plane, m cannot be divisible (5) by both 2 and 3. Now 
N = 0 (mod 8) if and only if m = 1 (mod 3). If N = 0 (mod 8), the multiplier 
2 is even order and m must be a square. Thus = 1 (mod 3);0 € l) and 3 is 
not a divisor of zero. We conclude that 0, —a, —2a, —4a are distinct. Theorem 
4.3 applies as well when m is even, so —a, —2a, —4a are not collinear. It may 
be shown by similar methods that no three of the points 0, —a, —2a, —4a 
are collinear. 

Now, since 2 is a multiplier, 1) contains a, 2a, 4a, 8a. (8a does not necessarily 
differ from a). Hence 1, contains 2a — 2a = 0,a — 2a = — a, 4a — 2a = 2a. 
Similarly, J, contains —4a, —2a, and 2a. Thus the lines 0, —a and —4a, 
—2a intersect in 2a, i.e., 2a is one of the diagonal points. Similarly, the lines 
0, —2a and —a, —4a intersect in the point —3a. Now /,, is the line 0, —4a 
while /,, is the line —a, —2a. If we denote by x the intersection of J, and 13, 
then for some c,d € ly, 

c — 8a = d — 3a = x. 
Then c and d are the elements of J) such that 


c — d = 8a — 3a = 5a. 
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To show that the diagonal points 2a, —3a, x are collinear, consider the line 
lizse. This line contains 


d — (d+ 3a) = — 3a, c — (d+ 3a) = 54 +d — (d+ 3a) = 2a and 
2d — (d + 3a) = x. 


THEOREM 5.3. Suppose that a projective plane admits a collineation of order 
two such that every point on a line | is fixed and every line through a point P € Lis 
fixed. If A and B are two non-fixed points not collinear with P, if A; and B, are 
the respective images of A and B, then the diagonal points of the quadrangle 
ABA, B, all lie on l. 


Proof. A and A, are collinear with P; similarly, B and B, are collinear with 
P. Hence P is one of the diagonal points. The line A,B, is the image of AB; 
if Q is the intersection of AB with 1, A,B, must also go through Q. Similarly, 
AB, and A;B must intersect in a point on I, since AB, = A, B. 
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ON THE COORDINATIZATION THEOREM OF 
J. VON NEUMANN 


K. D. FRYER AND ISRAEL HALPERIN 


1. Introduction. A classical theorem of n-dimensional projective geometry 
asserts: if Desargues’ theorem holds (in particular, if nm > 3) then the points 
of the geometry can be assigned homogeneous coordinates (a',...,a**') 
with a‘ not all zero in a suitable division ring R (2, p. 104; 3, Theorems 10, 
11, ex. 19, p. 204). A deep generalization by John von Neumann (5, Theorem 
14.1, p. 141) proved such a theorem for every complemented modular lattice 
possessing a homogeneous basis of m + 1 elements, » > 3. (The von Neumann 
theorem provides coordinates for all the elements in the lattice, so that in the 
special case of the projective geometry, coordinates are provided not merely 
for points, but for all points, lines, planes, etc. In the general complemented 
modular lattice there need not be “‘points’’.) For the general complemented 
modular lattice the ring ® may be an arbitrary regular ring with unit.! 

A precise statement of the von Neumann theorem is as follows: 

Let L be a complemented modular lattice possessing a homogeneous basis* 
@1,... 5 @_,” > 4, and let Ly: be the set of all inverses of a2 with respect toa, + ao. 
Then (i) addition and multiplication can be defined for the elements of Li. in 
such a way that Ly. becomes a regular ring R and the sub-lattice L(a,), consisting 
of all x < a, ts tsomorphic to the lattice of all left principal ideais of R, and 
(ii) L is lattice-tsomorphic to (coordinatized by) the lattice of all left principal 
ideals of Rr. 

Here §, consists of all m X m matrices with elements in ® and, as shown by 
von Neumann, is regular along with ®. It was shown by von Neumann that 
(ii) above is equivalent to the more classical form of coordinatization, (ii)’ L 
is lattice-isomorphic to the lattice of §-left modules of finite span in the 
space V of vectors v = (a',..., a") with all a‘ in ®. 

The definitions of addition and multiplication as originally given by von 


Received August 11, 1954. 

1Von Neumann (5, Chapter 2) calls a ring regular if for each x there is a y satisfying xyx = x. 

*Lattice elements a}, ... , @m are called independent if: (a, +... + ai-s)as=O fori = 2,..., 
m. A relative complement or inverse of x in z is any element [z — x] for which x @ [z — x] = z 
(@ is used to indicate that the addends are independent). Lattice elements x and y are called 
perspective, written x~ y, if there exists any 2, called an axis of perspectivity, such that 


x@®z = y@z. Independent elements a;,...,@, with a; +... +a,=1 are said to form 
a basis for L; if also a;~~ a; for each i, 7, the basis is called homogeneous; a homogeneous basis 
@,..., 4, together with axes of perspectivity ci; with the properties: 


Cig D Os = Cig D 05; Cag = Cpe Cee =O; (Cag + Cju) (Gs +e) = Cin; 
is called a normalized frame for L. The collection of all inverses of a; in a; + a; will be denoted 
by Li. (1, Sections 2.3, 2.4, 2.5, 4.1; 4, Chapter 2; 5, Definitions 3.1, 3.3, 5.2.) 
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Neumann for (i) above, were motivated in part by the classical constructions 
in projective geometry, but the verification that R becomes a regular ring was 
based on a rather involved analysis. A simplified discussion of this part of von 
Neumann's theorem was given in (1). 

Von Neumann proved (ii) by showing that for any m = 1,...,n—l, a 
given isomorphism between the lattice spanned by a, ..., a, and the lattice 
of left principal ideals of ®,, can be extended from m to m + 1, with a special 
discussion for the extension from m = n—1 tom = n. 

The object of this paper is to give a direct proof of (ii)’ (equivalent, as 
pointed out above, to (ii)) which does not use matrix rings or extension 
theorems. 

As in (5, p. 32 and p. 64; 1, §§4.1 and 4.3) we shall assume a fixed normalized 
frame for L(m > 4) and & will consist of all L-numbersa = (a,,;i,7 = 1,..., m, 
i * j) for which each a, is in the corresponding L,, and the identities hold: 
(gy + Cy) (Gs + ay) = ay and (ay; + Cx) (Gs + ay) = ay,. V will denote the 
set of all vectors of length m with coordinates in ; a subscript / will denote 
either left ideal in R or R-left module in V. 

We shall give a rule which assigns to each element x in L a family of left 
modules in V. Then we shall show that all left modules assigned by this 
rule to x actually coincide and we shall verify that the rule sets up a (1, 1) 
order preserving correspondence (i.e., a lattice isomorphism) between ZL and 
the set of all left modules of finite span. This will establish the von Neumann 
coordinatization theorem. 


2. Notation. We shall adopt the notation: 


A®° =0;A‘=a,+...+ 4a, 6m bcc 
Afj= ait... tFGpitayit...+ ay, O0<j<cicn 


A system of lattice elements (b) = (b4;;1,7 = 1,...,,i1 #7), satisfying 

bi; K ag +, will be called a fraternal system if the identities hold: 

(bis + Cy) (Ge + Ge) = Dea; (Oty + Cu) (Qe + 2;) = Oy;; if any, and hence each, 

of the 5,, is in the corresponding L,,, the fraternal system coincides with an L- 

number. Von Neumann’s work shows that for each x < a, + a, there is one 

and only one fraternal system (b) with b,, = x (5, Lemma 6.1; 1, §4.3). 
For future reference we list the following formulae: 


(2.1) (a + B) 43 = [ap; + (Bi; + a) (Cu + a,)| (a, + a;), 
(2.2) (a + Bis = [Cae + @s)(Biy + Ox) + Cp) (a, + 2), 
(2.3) (a — B)xy = (ary + (ay + Bis) (a, + Cu) | (Qe + 25), 
(2.4) (a8) + = (an + Bry) (a,+ a;). 


The formulae (2.1), (2.2), (2.3), and (2.4) may be obtained from (3, Chap. 7); 
they are given explicitly in (1), numbered as (4.9.1), (4.9.2), (4.9.3), and 
(4.10.1) respectively. 
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3. Reach and nullity. We associate with each a in ® a fraternal system 
which we shall call the nullity of a, defined as 


(b) with by; = a4, a, for all i, 7. 


It follows from the fraternal character of the a,, that the a,, a; do form a 
fraternal system; moreover 6,; < a, for all i, 7, and hence is independent of 
j. We shall write a®°, for this 5,;. 

For each a in ®, the reach of a is defined as in (1, §4.13) to be the fraternal 
system (b) with b,, = (ai; + a,)a,, written as a’,, identical with the (a), of 
von Neumann (5, Definition 9.1). We shall use the following: 


(3.1) For every b < a, and d = [a, — 5] there is an idempotent e in ® with 
e’, = b and? (1 — e)’, = d. 

(3.2) For a, 8 in ® there is a y satisfying ya = 6 if and only if a’, > 8";. 

For proofs of (3.1) and (3.2) see (5, Theorem 9.3, Lemma 9.1; 1, §4.13). 
We shall now prove the following relations: 

(3.3) a8 = 0 af and only if a’; < B°;; 

(3.4) e°, = (1 — e)’,; for every idempotent e; 

(3.5) e°, ® (1 — e)®; = e°; @ e’, = a, for every idempotent e; 

(3.6) (a — 6); = (a Biz + a;)a;; 

(3.7) ary < (@ — Bay + B;. 
Proof of (3.3). a8 = 0 means 


a;= (a4; + B jx) (a; + a). 


Because of the indivisibility of inverses*, this is equivalent to each of 


a, < (ayy + By) (ai + a), 
ar;< Ai + B ixs 
(3.8) Ai + ayy S airy + Bye, 
(3.9) (a, + ays) (@y + ax) < (ary + By) (Gy + ay). 


(Add a,,; to both sides of (3.9) to derive (3.8).) Thus a8 = 0 is equivalent to 
each of: 


(a,+ a4s)Ay < Bat ais(ay + a), ay DS By, ay < apn = B°;. 


Proof of (3.4). That (1 — e)’, < e°; follows from (3.3). Let a be an L- 
number with a’, = [e®, — (1 — e)’,]. Then a’, < e°,; by (3.3) this implies 
ae = 0, hence a(1 — e) = a, hence, by (3.2), a’, < (1 — e)’,. Since a’ ,(1—e)’, 
= 0 (from the definition of a) this implies a’, = 0 and hence e®, = (1 — e)’,. 


*The indivisibility of inverses, which follows from the modular law, states: if y; and ye 
are both inverses of a in b and yi: < ye, the: y: = y2. Because of this, “points” as used in 
certain constructions in the classical theory of projective geometry may be replaced by 
“inverses”’, (1, Section 2.4; 5, Lemma 3.3, p. 32). 





eo 























ee 


—— ——e 


THE COORDINATIZATION THEOREM 435 


Proof of (3.5). Because of (3.1) and (3.2), the correspondence (a); + a’, 
is a-(1, 1) order preserving correspondence between the left principal ideals of 
R and the x < L(a,); it follows that e’, @ (1 — e)", = a,. Now (3.5) follows 
from (3.4). 


Proof of (3.6). Using (1.3), 


(a — 8)% = lar, + (a + Bis) (a, + Cu) lay 
= fays(ae + Bis) + (Qe + Bis) (Qs + Cx) Jee 
= [ayBiy + (25 + Cx) (Qe + B x3) \ae 
= (Buy + Oy + Cu) (Ge + Bis)e 

(apBiy + Ay + Cey)Qy. 


Hence 

(a — B)*; = [(@ — 8) + cula, 
(ap Biy + Oy + Cx) (Ge + Curday 
= (a4 843 + a;)ay. 


Proof of (3.7). Using (1.3), 


(a — B)ey + B’; = fas; + (a, + B13) (ay + Cx) | (Ge + a;) + (Bi; + a,)a; 
= lass + (Bi; + a,)a;+ (a, + B13) (a; + Cex) | (Ge + a;) 
= fagyt+ (Biyt+a,+a,)a; + (Q, +615) (@s+C x) ] (Qe +a,) 
= fag + (Biz + a4 + Oy) (Gy + Oe + Bis) (@5+Cx)] (Qe +2,) 
> (ais + Ce) (Ge + Gs) = apy. 


4. The i-elements in L. We shall call x an i-element if x < A‘andxA*"' = 0. 
We shall prove that for arbitrary L-numbers 6/(j = 1,....i— 1) and 
arbitrary idempotent e, the formula: 


t-—1 
(4.1) x = (e",+A*") I] (B'4,+A)) 
j= 


defines an i-element, (in particular, if e = 1, e’; + A! = a, + A*' and may 
be omitted). For clearly x'< A‘ and 


i—1 
xA* = AT] (B's; + a*™*3 
j= 
t 
=A“T] (60,44) 


= I] 4“, = 0. 
For each i-element x we define: 
(4.2) x? = (x + A*',) (a, + a), j=zl,...,#¢—1. 


For each choice of idempotent e = e(x) with e’, = (x + A*')a, (such an e 
exists by (3.1)), we define: 


(4.3) B= Bix) =x+e, Bi = (B+ A*',) (a, + a). 


(B may not be uniquely determined by x.) The following relations hold: 
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(4.4) e,+ AS = x+Ah ey 4+a;,= 2+ 4,2°+Ah',=x+ At, 
(4.5) BAS! = [x + e°,(x + AJA! = (x + ee’) A*' = 0, by (3.5), 
B+Atlb=eax4+Ati4+e,=x+At'+e,+ e°,; 
=x+At'+a,=A'. 
(4.6) Bla, = (B+ A*',)a, = (BAt' + A*',)a, = AM, = 0, 
Bi +a,= (B+ At", + 4, (@,+ 4, = (B+ A*)(G,4+ 4) 
= A‘(a, + a;) = a, + ay. 
(4.7) Ble", + A*™) = B(x + At’) = x+ BAT =x, 
Bile’, + a;) = (B + A*",) (x? + 4,) = x + (B+ AM) a; = x’. 
(4.8) Bla, = (x + ec, + A*';a, = &°, + (x + AM; Jay 
e°, + (x + AM", Jay. 


Thus B? is in L,, for each j = 1,...,% — 1. Let a be the L-number with 
a/,, = B’. Then 
(4.9) ai, > x’, eal = a! = ef! 


for every L-number #/ with 6’,,; > x’. To verify (4.9): from (4.7), a’;, = B’/>x’; 


from (4.8), (a’)®, = Bla, > e®°, = (1 — e)’, and (3.3) then implies (1—e)a’=0, 
i.e., ea? = a’; finally, from (3.6), 


(a? — f’)°, = (Bp; + a;)a; > (B’x’ + a;)a, = (e,+ a;)a; =e; 


and by (3.3), e(a? — 8’) = 0, that is, ea’ = a’ = ef’. 

Suppose @ is also a possible choice of e(x) and let &(j = 1,...,7— 1) 
denote the corresponding L-numbers. The definition of e(x) shows that 
é’ = e’ and then (3.2) implies é = é, e€ = e. Now (4.9) implies 


(4.9)’ Sod = a, l<j<i. 
The following relations follow easily from (4.3) and (4.7): 
i-—1 
(4.10) B= J] (@4,+ A"); 
j=l 
i—1 
(4.11) x= (e',+A**)[] +A). 
j=l 


We shall prove that for arbitrary 6’ with 6’,;, > x’ forj = 1,...,7— 1, 
the 7-element: 


t—1 
(4.12) (s+ A™)I] (6% +4%)) 
j=l 
is identical with x. To prove this let (4.12) be denoted by y. Then 
(FAM) (015 + AM) = AM + BUC FAM) +05) 


= A**,+ Bie’, + a;) =A‘t*,+x! 


<A + B'ts 
for each j = 1,...,%— 1, and hence 





———— 
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t—1 


x = (ce, +A") I] (a/., + A*",) 
I= 


i-—1 
< ("+A") I] (B'4, +A, =y, 


that is, x < y. But since x and y are both i-elements, it follows from the 
indivisibility of inverses that x = y. (For y + A*! = x + A*"', and hence 
y = y(x + AM) = x + yAM'! = x.) 

Conversely, for arbitrary idempotent e and arbitrary L-numbers #’, the 
formula (4.12) defines an element x in L with the properties: x is an i-element, 


x’ < &, for 7 =1,...,i— 1, and e is a possible choice for e(x). For, 
(x + A*)a, = e’, and 


x? = (x +A*",)(a, + a,) 


{-1 
= l «. +A*"*) I] (8'a +A*",) + a, |e. + a,;) 
(e's + A") (B%45 +A) (se + 2) 
[(e"s + a;)B's, + AM Na: + a;) = (e", + a,)B 4 


< B’ «4, 
as stated. Moreover, (4.9) shows that a/(x) = ef’. 


5. An important identity. Suppose that 1 <j <n, i =j+1, and let 


6" and 6", m = 1,..., 7, and 8 be arbitrary elements in 8. Then the following 
identity holds:* 


(5.1) st [(8" + BO") m + AP] 


j-l j-1 
= [(8., + A*”) I] (8" im + A’m) + I] (0m + At) ](A** + a,). 


To prove this identity we shall first establish that for arbitrary indices i, 
j, m all different, and arbitrary 6, 8, @ in ®, 


(5.2) (6 + B®) tm = [8 sm + (5 im + a;) (Br; + Om) | (a, + Am). 


Indeed the addition formula (2.1) shows that if k is different from i, j, m, 
(and there is such a k since we assume m > 4), 


‘This identity makes possible a simple proof that the module which we shall assign to an x 
in L (see section 6), is uniquely determined by x (Theorem 6.5). This is a critical step in the 
proof of the coordinatization theorem as given in the present paper. It will be noted that the 
proof of this identity uses the same technique that was used by one of us in 1937 to obtain a 
direct proof of the associativity and distributivity laws in 9 (1, §§ 4.11, 4.12). 
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left side of (5.2) = (80 + 5) im 
-” [ (86) xm + (im + Ox) (Cz + On) ] (Gi + Om) 
[ (Bey + O jm) (x + Gm + 1) + (Sim + Ox) (Cox + Om)] (Gs + Om) (ST) 


[Bes + 84m + (Sim + Gx) (Cu + Om) | (Ge + Gm + 24) (A; + Gm) (ML) 
= [8 sm + Bey + (Sim + Ge + 2) (Cau + Gm) | (a4 + Gm) (ST) 
= [8 sm + (Sim + Ge + Gs) (Bey + Cox + Om) ] (Gs + Om) (AL) 
= [0ym + (Sim + 2) (Bey + Ce + Om) ) (Gi + Om) (CI) 
= [04m + (Sim + @5){ (Bey + Cex) (Gm + Os + 2s) + Gn} ] (Gs + On) (CI) 


[8 sm + (im + a) { (Bes + Cx) (ai + a;) + Am} ] (a; + Gm) 
= (right side of (5.2)). 


This proves (5.2). It follows that 


j-l 

(left side of (5.1)) = I] [(6"m + (8" wm + @;) (Bay + Gm) } (ay + Gm) + AX a] 
= (a, +A**) TT] [Om +A a mn) + (8 mA ‘m) (Big +A*”)] 
> (right side of (5.1)). 


But both the left side and the right side of (5.1) are inverses of A*“' ina, + A*"; 
for the left side of (5.1) is a j7-element and hence: 


A?" (right side of (5.1)) < A*" (left side of (5.1)) = 0, and 
a,+A*” > (left side of (5.1)) + A*™ 
> (right side of (5.1)) + A*” 


j-l 
- (a; + A*)[ I] (0” sm + A**.) 


+ (Bis + af] (8"m+A‘m) + At] 
= (0, + AS YT] Om + AM ne) + (By + APY Om tA] 
= (a, + A*")[T] O%m + AX mn) + (8145 +A) T] a + A] 
= (a, +A*")[T] Om + Am) + By + A*”) 
= (a,+ A*")[T] (0 sm + A*;, + Qm)+ Bis) 
= (a, + A*")[T] (4%) + Bu) 
= (a,+ A*")(a,+ A’) 
= (a,+ A*"). 


Now the indivisibility of inverses shows that equality holds in (5.1). 


5(ST) will indicate application of the superfluous term identity: ab = a(b + c) = abc forall 
a, b, c,d with c(a + b) = O and b < d; similarly, for application of the modular law we use 
(ML); for the absorption law: ab + c = a(b +c) for all a, b, c with c < a we use (AL); and 
for the clipping identity a(b + c) = a[b(a + c) + c] for all a, b,c we use (CI) (1, Section 2.2). 
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As a corollary to (5.1) we shall derive the following identity which holds 
for arbitrary 8" and 6", m = 1,..., 7,4 = 7 + 1, and arbitrary y: 


j-1 j-l 
(5.3) [((8’ — y+ AIT [(8" + 6") im + A’m] + I] (Om + A*",) 
j-1 j-1 
= (8',,+A*") I] (8" im + A’n) + IT C= + A*.). 


The right side of (5.3) is precisely the left side of (5.3) with a particular 
value for y, y = 0. Thus we need only show that for any y the left side of 
(5.3) has the same value, equal to its value when y = #’, say. For this purpose 
it is sufficient to establish the identity: 


(5.4) (left side of (5.3)) = [J [(6" + 66") m + A* nl] + [] "m+ A7 n)- 


Now (5.4) can be obtained by substituting in (5.1): 6’ — y for 8 and 


B™ + 6" for 6", m = 1,...,j — 1 and adding the term I1(@",,, + A*',,) to 
both sides. 


6. The rule for assigning left modules to elements of L. For each x in L 
call x1,... ,%X, a base-decomposition of x if each x, is an inverse: 
x, = [xA‘t — xA*'], +=1,...,%. 


Clearly each x; is an i-element and x = x; ® ... @ x,. For each base-decom- 
position of x and for any idempotent e‘ satisfying: 


(e's = (x, + AM )a, = (XA‘ + A*)a, 
let B(x,), B’(x,), a = a/(x,) be determined as in §4, and define the vector 
u(x,) = (—a"!,..., —a**!, ef, 0,...,0). 
Now, for each such u(x,), i = i,...,, assign to x the left module 
M (x1, ..-5%n) = (6(%1), . ~~ , 6(%—q)) 5. 


We note that: (i) the x; may not be uniquely determined by x and for each 
x, the idempotent e* may not be uniquely determined by x,, however it follows 
from (4.9)’ that (u(x,));, is uniquely determined by x, so that M(x, ... , X,) is 
uniquely determined by x1,...,%,; (ii) if x is a j-element then the x, are 
uniquely determined with x, = x fori = j and x, = 0 fori # j; (iii) if x; is an 
arbitrary i-element for each i= 1,...,m, and x =x,+...+ x, then 
X%1,... 4X, is a base-decomposition for x. 
We shall prove below the following statements (6.1)—(6.7). 


(6.1) Every left module M of finite span is identical with M(x,,... , x,) 
for some base-decomposition x, ..., X, of some x in L. 
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(6.2) Suppose x:,...,%, and %,,...,%, are base-decompositions for the 
same x. If 


ll 
-—-_- 
| 
2 


tu (Xm) ml... —a**!, *,0,...,0) 


and 
u(Z,) = (—a™!,..., —a*™*'!, 2, 0,...,0) 


and the a”* and the a"* both form canonical matrices* with 2" = e”, then 
M(x, . ee » Xa) => M(4,,.. ° » MD. 


(6.3). Suppose y is an i-element and 2z is a j-element with 1 <7 <i <n. 
If for some 7 in ® there is a relation u(x) = u(y) + yu(z) for some i-element x, 
then x < y + z; on the other hand if e is the ith coordinate of u(y) and y 
satisfies ey = y then the vector u(y) + yu(z) has ith coordinate = e and 
coincides with u(x) for some i-element x with z + x = z+ y. 


(6.4). For each base-decomposition x, ... , x, of x and choice of the u(x,,) 
there exists a base-decomposition #;,..., %, of x and choices of u(Z,,): 
u(Z,) = (—a™!,..., —a"*"', e*,0,...,0) 
such that 
(6.4)’ M(4,,..., 2) = M(x1,...,%n)s 
(6.4)” a™*e =0 foralz>m>k>l, 


implying that the a“ form a canonical matrix. 


(6.5) For each x in L, all M(x, ..., x,) assigned to x coincide, so that we may 
write M(x) for M(x, ..., Xn). 


(6.6) x < y implies that M(x) < M(y). 
(6.7) M(x) < M(y) implies x < y. 

The coordinatization theorem follows easily from (6.1), (6.5), (6.6) and 
(6.7). 


7. Proof of (6.1). M is spanned by some canonical basis u‘ = (a",...,a™), 
i=1,...,m (1, §3.4). Choose e‘, x(z) as follows: 


1 ii 
e =a", 


x(t) 


i—1 
(ee + ATT (a) 15 + A 
‘oun 
*It has been shown (5, Theorem 2.12 and Lemma 2.11; 1, Section 3.4) that a left module of 
finite span is always spanned by m vectors (a’!,...,a/"), 7 = 1,...,, with the properties: 
for each j, ai is idempotent, =e/, say; for all i > j, af‘ = 0; for all i< j, ef ait = ai* and 
ait e* = 0. Such a set of m vectors is called a canonical basis for the left module. A matrix whose 
rows form such a canonical basis is called a canonical matrix. 


ee 
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Then § 4 shows that each x(i) is an i-element and that e‘ is a possible choice 
for e(x(i)); with this choice of e(x(7)) it follows from the last paragraph of 
§4 that a’(x(i)) = — a”, (for a canonical basis ea” = a), that u‘ isa possible 
choice for u(x(z)) and hence M coincides with M(x,,..., Xn). 


8. Proof of (6.2). We shall show that Z,, = x,, for all m so that the a™ 
are uniquely determined by x and the e” (if the a™ are to form a canonical 
matrix). 

Set U* = (e*)®, < a, for each k < m. Since (3.5) shows that (e*)®, (e*)", = 0, 
it follows that 


(8.1) U* (x, + A*') = 0. 
We shall show that 
m—1 
(8.2) im = x] (U* + A”™,); 
k=1 


this will establish the uniqueness of x,, since the U* are uniquely determined 
by the e*. 
From §4 there is a B(x,) > x» for which 
a“. = (B (Xm) + A™—",) (Gm + Gx); 


now (3.3) implies that (a )", < (e*)%; ie., (B(x) + A™,)a, < U*. Hence 
U* + A™, > B(xm) > xm for each k and so (right side of (8.2)) > x,. Now 


m—1 m—1 
(right side of (8.2)) = xA"[] (U'+A™,) = (xi +... +2m)[] (U'+A") 
k=1 


k=1 


(8.3) 


m—l1 
Xm + (x1 +... + Xm—1) I] (U* + A™,). 
But 


m—1 m—1 
(8.4) (x1 +... + X%m-1) IT (U* + A™,) = (x1 +... + Xm-1) IT (U*+A™",) 
= (xy +... + %m1)(U"" + a™)T] (U* + A™”,) 
m—2 
= (x: +...+ %m-2) [] (U* + A™",) 


since (8.1) and (CI) show that x,_,(U"-' + A™*) = 0. Repetition of the 
reduction in (8.4) shows that the second addend of (8.3) is zero and establishes 
(8.2). 


9. Proof of (6.3). If ¢ is the ith coordinate of u(y) with y an i-element and 
z a j-element, 1 < 7 < i <1, and y is an element of ® with ey = vy, then 
u(y) + yu(z) is a vector of the form: 


(—eB', — eB, rr) —ept', é, 0, eee, 0), 


and hence coincides with u(x) for some i-element x, by the last paragraph of 
§4. This proves the second part of (6.3) except for the relation z + x = z + y. 
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However this relation follows easily from the first part of (6.3), which we now 


prove. 
Because of §4 the first part of (6.3) is equivalent to the statement: 


i—1 
(9.1) (@°.+A*") I] (a" m= + At") 
; i—1 j-1 
< @.4+ A) I] (B"m + At") +(e’) + A*) I] CO mt+A*".) 


for arbitrary idempotents @ and e in ® provided that ga" = a™ for m < i, 
és" = 8" for m < i, e0" = & for m <j and 


(a" = 6 for j] <m <i, 
(9.1)’ ‘ai = Bi — ve for some y, 
lam = p™ + 10" for 1 < m <j. 


Now (9.1) can be deduced from the (apparently) simpler statement: 
-1 i—1 ons 
(9.2) I] (a” im+-A ~~ < Il (B” im+-A + (e";+A #3) I] (0 tm +A a 


for arbitrary idempotent e and arbitrary 6 satisfying e#" = 6" for m <j 
and arbitrary a”, 8” satisfying (9.1)’ for some y. Indeed, clipping (9.2) by 
é’, + A* yields (9.1) as required. 


If 7 <i — 1 thena™ = 6" forj + 1 < m <i — 1 and (9.2) can be deduced 
from: 
j ; j ; j-1 
(9.3) I] (a” m+A'm) < I] (8" m+A * n)+(e',+4*™) TT] (0" m+ Arm); 
for clipping (9.3) by 


i—1 


I] (a im + A oo 


m= j+1 
gives (9.2). 
Since a,,...,@, are independent, we may write (9.3) (use (1, §2.3)) as: 
j 
(9.4) (Qui +... +41) + I] (a im + A’m) 


j j-i 
< (541 + eee + @4-1) + I] (B” om + A‘n) + (e’; + AT] (0” sm + At.) 


and this would clearly be a consequence of 


j i j-l 
(9.5) [] (om + A’m) < TT (6m + A’m) + (e's +A) TT CO mt+A*n). 
But (9.5) can be derived from 
j 


i j-1 
(9.6) [] (a"m+A’n) < I] (B" im + An) + I] "= + At.) 


m=1 











ae 


THE COORDINATIZATION THEOREM 443 


by clipping both sides of (9.6) by 8’;,; + e’; + A’': indeed, this clipping does 
not change the left side of (9.6) since one of its factors is 


oe 45 + At = (6 — ve) 43 + AP! 
< Biy + (—ve)’s + APM using (3.7) 
< Buy + e's + AP using (3.2); 


on the other hand this clipping changes the right side of (9.6) to 


I j-l 
I] (B" im + A'm) + (B43 + €', + AX”) i (0 m + At.) (ML) 
j 


j-1 
= [] (8%m + A’m) + (ey + A*) I] (0 = + Ate) 


m=1 


since the modular law implies (8’,,; + e’, + A*")A’ = e', + Af. 
But since a” = 6" + 76" for m <j and a’ = 6/ — y, the desired (9.6) 
follows immediately from (5.3) proved above. 


10. Proof of (6.4). By (6.3) there exist Zs, ..., Z, with x; + Z, = X1 + Xm 
for all m (so that x;, Z2,...,Z, is again a base-decomposition of x) and with 
U(Em) = U(Xm) + a™ u(x1) so that &'e' = 0 for m > 1. Similarly #;,..., En 


can be replaced so that the new &‘” satisfy alsoa”’* e? = O form > 2. Successive 
repetition of this procedure establishes (6.4). 


11. Proof of (6.5). If M = M(x,...,%,) = (u(x1),...,u(%,)); we may, 
without changing M, replace u(x,,) by e” u(x,) where e” is any idempotent 
satisfying (e")’,, = (xA™ + A™—')a,. The statement (6.5) now follows from 
(6.4) and (6.2). 


12. Proof of (6.6). If x < y then we may choose the x;, y; so that x; < 4 
(for example, choose y, = x, + [yA‘ — (yA! + x,)]. Then (e(x,))'s < (e(ys))’s 
which implies e(x,) e(y,) = e(x,); we may choose §’(x,) to coincide with 
6’ (y4) since 


Bas(ye) > (91 + AM, (i + sy) 


which implies 6’,,(y,) > (x; + A*',)(a; + a;). Now e(x,)u(y, = u(x, for 
each i = 1,...,m” and hence M(x,...,%,) < M(y1,..., 9a). Because of 
(6.5) it follows that M(x) < M(y). 


13. Proof of (6.7). Since x is a union of i-elements, i = 1,..., n, it is 
sufficient to prove (6.7) with the restriction that x is an i-element. Then if 
Yi) +++»%¥_ is a base-decomposition of y, u(x) will have a representation 


u(x) - 71 u(y1) +... U (Yn). 


Let e(x) be the ith coordinate of u(x) and e(y,,) the mth coordinate of u(y,,). 
Then e(x) u(x) = u(x) and replacing y», by e(x)ym we may suppose ¢(x)¥mn = Ym 
for all m. 
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Now if x is an i-element (i fixed) and i < m then the mth coordinates of 
u(x) and of ym %(¥m), for m <m, are all 0 and hence the nth coordinate 
Yn ¢(¥n) = 0. This implies 7, u(y,) is the zero vector. Successive applications 
of this argument show that y,, u(y,) = 0 for allm > iand that e(x) = y,e(y,). 

The last paragraph of §4 shows that 7; u(y,) = u(g,) for some i-element 9. 
Then (4.12) shows that 9; < y, since (e(y,))’s > (vy: e(ys))"s. Hence we need 
only prove (6.7) with y,; replaced by g,; thus we may suppose that 9; = y, 
that is, we may suppose that 7; = 1, and e(y,) = e(x) = e (say) and e¢ym = Ym 
for all m <i. Now (6.3) shows that u(y,) + yi-1 u(yi-s1) = u(z) for some 
i-element z with z < y, + yy1. Similarly u(z) + yi-2 u(yi2) = u(Z) for 
some i-element Z with Z < z + yu2 < ¥i + ¥i-1 + Ve-2. Repetition of this 
argument finally yields x < y; + yrs t+... + 91 < y as required. 


This completes the proof of all statements (6.1) to (6.7) and establishes the 
coordinatization theorem. 


Added in proof. A book, in Japanese, by F. Maeda, entitled Continuous 
Geometry (Tokyo, 1952), is reported to contain a simplification of von 
Neumann’s coordinatization theorem, based on methods of K. Kodaira and 
S. Huruya (see Mathematical Reviews, 15 (1954), p. 540). We regret that we 
have not been able to see any further details of this work. 
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SUBSPACES OF RIEMANNIAN SPACES 
RICHARD BLUM 


Summary. In this paper, results obtained by the author for Riemannian 
Spaces V, imbedded in Euclidean Spaces Ey (3; 4) are extended to V, imbedded 
in Vy. 

The first section is introductory. In §2 the general result is obtained. This is 
the establishment of a certain dependency among the three basic sets of 
equations of the V, with respect to the Vy, namely the equations of Gauss, 
Codazzi and Kuehne. In §3 it is assumed that Vy is of constant curvature with 
N=n+1. This case is discussed with the help of a generalization of the 
type number 7 introduced by Thomas (10). 

Throughout the paper the conventional tensor notation has been adopted. 
Capital latin indices vary from 1 to N, small latin indices from 1 to m, and 
small greek indices from 1 to » = N — n. Whenever an index occurs twice in 
an expression, the summation with respect to that index has to be performed, 
except when otherwise stated. This summation convention is not restricted to 


indices with opposite (i.e. one of covariant and the other of contravariant) 
character. 


1. Introduction. We consider a Vy given by the positive definite metric: 
(1) dS? = A,;sdX'dX! |Az,| #0 
in which the A,;,; are continuous functions of the X’, having continuous 
partial derivatives up to the third order; and a V, whose metric 
(2) ds* = a,fix‘dx’ (n < N) 
satisfies similar conditions with respect to the x‘. 

A set of necessary conditions for the V, to be imbedded! in the Vy is given 


by the following equations (8, no. 47), known respectively as the equations 
of Gauss, Codazzi and Kuehne: 


(I) Gini = Tipit — (Daj Dal yi = Daj 11D ai x) = RysgrX' X7 XX", = 0, 


(II) Cait = Daits.x — Dai ix.y — (bpaiedeisy — tai sp) x) 


+RrixrkaX,X5X i = 0, 
(IIT) Kasi is = tap t,4 _ baB\ 4,4 + (bya trois a, byex| tyes) 
+a*" (baizdpity — baiePeirs) + RroerkatsX"X%, = 0. 


Received December 31, 1954. This paper was prepared while the author attended the 
Research Institute of the Canadian Mathematical Congress in the summer 1954. 
‘Throughout this paper, by “imbedding”’ is meant local and isometrical imbedding. 
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Here, 7; and R; x, are the components of the covariant curvature tensor 
in V, and Vy respectively. The &2 are N — n contravariant vectors in Vy of 
unit length, perpendicular to one another and to the V,. The baj,; = ba) s; are 
coefficients of the fundamental forms of the second kind and fag); = — tsa}: 
are the ‘‘torsions”’. The index after the comma denotes covariant differentiation 
with respect to the tensor a,, given by (2). 

If Vy is of constant curvature Ky we have 


Risxt = Ko(A rxeAst — ArstA sx), 
and equations (I), (II), (III) become: 
I’) Giger = riger — (aj xdaisi — Dai trdain) — Ko(@uay: — a0) = 0, 
(11) Caisse = Dates.x — Daisn.y — Cpaiedpiry — teai spin) = 0, 


(III) = Kapisy = tapis.3 — tapis.c + (bya sbypiy — bye voi) 
+a" (baie dbp iy = Da tx sp} 11) = 0. 


It can be shown that in this case the equations (I’), (II’), (III’) are both 
necessary and sufficient conditions for the V, to be imbedded in the Vy. For a 
similar problem, see (10, pp. 178-182). 

As in the case of a V, in an Ey (3; 4) the question arises at this point 
whether all the equations (I), (II), (III) are independent. The following 
section is devoted to answering this question. 


2. Independence considerations. The !efthand sides of (I), (II), (IID) 
are obviously tensors in the V,, which depend in general also upon the Vy. 
They are denoted by Giji; Cajin; Kasjiy and named respectively the tensors 
of Gauss, Codazzi and Kuehne of the V, with respect to the Vy (3, p. 167f). 
We can now reformulate the statement in §1 in the following way: 

A necessary condition for the V,, to be imbedded in the Vy is that the tensors 
of Gauss, Codazzi and Kuehne of the V, with respect to the Vy should vanish. 

We are thus able to consider directly the tensors just introduced and certain 
combinations of their covariant derivatives. This will lead us to discover in 
certain cases how many of the conditions (I), (II), (III) are independent. 

We define (4; 6): 


(A) Gijnim = Gijetm + Gijimr + Gtjme.ts 
(B) Cat isei _ Calis. + Cait. + Caisry.es 
(C) Kasiin = Kasiis.x + Kasi x,t + Kasixt,s- 


These tensors will be appropriately named the “derived tensors” of Gauss, 
Codazzi and Kuehne of the V, with respect to the Vy. If we perform the 
indicated calculations, we obtain: 
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(A’) Gijeim _ 7 bai ixeCai jim — Dai s1Cai sme sac baiimCa pki 
+ bai jxCa\ iim + Bai s1Ca\ ime + Da} jmCa| seis 


(B’) Catia: = bai ~Cai ser + bpaieCaj ity + bai rCe) ijn 
— bg) 1sKpaini = bs) xK ga) 15 as bs 1K gai jx 
+a” (Daim pint + DaimeGp its + DaimiGpije)s 
(C’) Kastitn = bya Kya je A bya pKypins + bya ieK yp) 13 
— typ Kya) jx — typ | pKyeins —_ typ inKye\ sy 
+a™ (daimiCpipsx + DaimsCoipes + DaimeCeipss) 
—a™ (dg imiCainse + DpimsCaipes + 5pimeCaipis)- 


We notice that these derived tensors? do not depend explicitly upon the 
Vy, the last terms from (I), (II), (III) having disappeared. They have there- 
fore the same form as the corresponding derived tensors of the V, with respect 
to an Ey (6, p. 90). This remarkable fact enables us to extend the results of 
(3; 4; 6) to the present case. 

These results are essentially based upon the consideration of the tensors 
(A’), (B’), (C’) and the number of their components. Thus if, for instance, 
the Gauss tensor G;; vanishes in V,, then the derived Gauss tensor G; jim is 
also zero and (A’) becomes a system of linear and homogenous equations in 
the Cai: which reduces, of course, the number of independent components 
of the Codazzi tensors C.;;. It is thus possible that, under conditions to be 
specified below, all the components of the Codazzi tensors C.\; vanish as a 
result of the vanishing of Gauss’ tensor G;,;. Similar considerations are valid 
with respect to (B’) and (C’). 


It is necessary at this point to list the number of components of the different 
tensors introduced so far (2; 3, pp. 170, 174; 6, p. 91): 


Gin... n(n? — 1)/12 

Caisse eee vn(n? —_ 1)/3 

Kagiiy.-.v(v — 1) n(m — 1)/4 

Gijeim-..1?(m? — 1)(m — 2)/24 

Caiinr...vn(n® — 1)(m — 2)/8 

Kasiin ...v(v — 1) n(m — 1)(m — 2)/12 
We mention also the result by Burstin (7) that, under our assumptions, every 
V, can be imbedded in every Vy provided that VN > 3n(n + 1) orv = N—n 


>4n(n — 1). It is therefore sufficient to choose n(n — 1)/2 as the upper 
limit for ». 


We are now in the position to enunciate the following two theorems: 


*The equations obtained by equating (A’) and (B’) to zero were first used by Allendoerfer (1) 
in the case of a V, in an Ey to reduce the number of independent equations of (II) and (III). 
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THEOREM 2.1 If the equations (I) are satisfied by a set of solutions for ba\:s, 
for which the ranks of the matrices of the linear systems: 


(A”) Gijeim =- Daj ixCai jim _ Daj 11Ca\ sme — Daj imCa' jut 
+a) jxCal tim + Da 31Ca} ime + Dat ymCa| x1 = 0, 
(B”) Caisse == bei csKpaini oT bp) xK pairs = bs) Kpal je - 0, 


have maximum value,* then 


(a) forO0 < » < §n(n — 2), all equations (II) and (III) are a consequence of 
equations (1); 


(b) for {n(n — 2) < » < 4n(n — 1), @ system of 
gn(n* — 1)[» — §n(m — 2)] 


of equations (II) are independent. The remainder of equations (I1) and all the 
equations (III) are a consequence of this system and equations (1). 


THEOREM 2.2. If the equations (1) are satisfied by a set of solutions for ba\ 13, 
for which the ranks, r and r’, of the matrices of (A"’) and (B’”’) have not both 
maximum values, then 

tun(n? — 1) —?r 


of equations (II) and 
ty(y — 1) n(m — 1) — 


of equations (II1) remain independent. 


From the table on the previous page it is seen that the matrix of (A’”’) has 
gyn? (n* — 1)(m — 2) rows and 4vn(n? — 1) columns and the matrix of (B”) 
has $vn(n? — 1)(m — 2) rows and }v(v — 1) nm(m — 1) columns. By comparing 
the two sets of numbers, Theorems 2.1 and 2.2 are readily verified. 

In view of this theorem it would seem important to determine the actual 
ranks of the matrices of (A’’) and (B”’) in terms of certain numerical invariants 
of the V,. Except for the particular case treated in the next section, the author 
has not succeeded in this task. 

In the formation of the tensor G;j1 we made use of Bianchi’s identities: 


T tjetam + Tijima + l itjmk it = 0. 


(Because of this, of course, the number of components of Gi, equals the 
number of Bianchi’s identities (2).) 

But Bianchi’s identities are a complete set of identities of order one of the 
tensor of curvature (5). We have therefore the result: 


Equations (A"’) are the only ones between the components of Ca\ij,, which can 
be obtained as a consequence of the validity of equations (1). 





3A rectangular matrix with s rows and ¢ columns has maximum rank r if r equals the smaller 
of the two numbers s, #. 
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III. It can be seen from equations (I’), (II’), (III’) that the problem of 
imbedding a V, in a Vy with constant curvature Ky is equivalent to the prob- 
lem of imbedding a V, in a Euclidean Ey, provided that we substitute for the 
curvature tensor r;,; of the V, the tensor: 


ran Ko(auay, ™ A410). 
We shall also assume N = n + 1 in which case (I’), (II’), (III’) reduce to: 


(I”) Giger = Tini~ (buds: -_ bidp) - Ko(aaa;, = A410) = 0, 
(II") Cin = biyn — bay = 0, 


and (A”), (B”) to 


(A’””’) Gijeim = ~ DuCyim = biiC sme - DimC sui 
+B Crim + b1C ime + DimC ini = 0. 


Let r be the rank of the matrix 


Iris — Ko(@auay: — autp)|| 


where one of the indices, say 7, indicates the rows and the other three indices 
the columns of the matrix. 

It can then be shown that, because of (I’’), r is also the rank of the matrix 
||bs,]| (10, p. 184). 

The integer 7 can be considered as an invariant of the V, with respect to a 
Va+1 Of constant curvature Ko (in the neighbourhood of the point under 
consideration). It was introduced by Thomas (10, loc. cit.) for a V, with 
respect to an E,41. 

For r = 0, it follows from (I’’) that the V, is of constant curvature Ko. 
t = 1 is impossible. For the remaining values of r we shall prove 


THEOREM 3.1. 1+ > 4. All the equations (II’’) are a consequence of equations 


(1”). 


THEOREM 3.2. r = 3. Of the equations (II’’), five remain independent. 
The remainder of the equations (II"’) are a consequence of these and equations 


(I”). 


THEOREM 3.3. + = 2. Of the equations (II), 3n — 4 remain independent. 
The remainder of the equations (II"’) are a consequence of these and equations 


7”). 


Proof. For the values of b,, in the point under consideration we can, by a 
suitable coordinate transformation, obtain :* 


Diy = 0 (i x j), 
(3) by #O (¢ = 1,2,...,7), 
ba = 0 (i =f + i eeey n). 


‘From here to the end of this section, a repeated index does not indicate a summation. 
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For these values, and taking in consideration the basic identities of the 
tensor G; jim (which follow readily from its definition): 


Gijnim = Gsm 
Ginim _ Gijime = Gijmei == Gijemt = Gijmur _— Gijiem 


the system (A’’’) reduces to: 


(4) Gigu = — buCar = 0, 
(5) Giszign = — uC yy, — OysCir = O, 
where 1, j, k, / are all distinct, i = 1,2,...7rand j,k, / = 1,2,...m. 
Proof of 3.1. + > 4. From (4) we find then 
Cai = 0, 


and from (5) follows 
Ci: = 0 G=rt+i,r+2,...,n). 


For j < r, we obtain from (5), by substituting first i for k and then j for k: 
0+ Der C 551 + by sCrri = 0, 


(6) Daria +0+ bisCrn: = 0, 
by Cia + bil ys: +0=0, 
for distinct i, j,k, / withi,j,k = 1,2,...,rand/ = 1,2,...,m. 
The determinant of (6) being different from zero it follows that 
a: = 0 (¢ s£1;¢ = 1,2,..., 7; = 1,2,...,28). 


This completes the proof for the case r > 4 because C,,, = 0 follows from 
(II). 


Proof of 3.2. + = 3. From (4) we obtain 
Ca: = 0 (Gj #k xl =1,2,...,2) 


provided that at least one of the indices j, k, 1, is larger than 3. But the three 
remaining components of this type, namely C123, C231, and C312, satisfy an 
identity (which follows easily from (II’’)): 


Ciss + Cosi + Cais = 0. 


Thus only two of these components (e.g., Cizs, C231) remain independent. 
From (5) we have 


Ci = 0 (Gj = 4,5,..., 8; = 1,2,...,8). 
From (@) we obtain for i = 1,7 = 2,k = 3: 
0 + bs3C22, + bo2Cs3, -_ 0, 

(7) bssCirr + 0 + Oiui1C33, = 0, (ij = 4,5,...,%). 
be2Ciur + OuCss, + 0 = O. 











RIEMANNIAN SUBSPACES 451 


We have therefore as above: 

Cui = 0 (¢ = 1,2,3;/ = 4,5,...,m). 
From (5) we obtain for i, 7, / = 1, 2, 3 in turn: 

bssCoa1 + 522Cs1 = 0, 

bssCue + OirCas2 = 0, 

beeCiis + birCo23 = 0. 


It follows from these equations that three components of the type C,,; 
(¢ #1 = 1, 2,3) are independent (e.g., Cii2, C223, Cas:). 

Therefore, in the case under consideration five components of the tensor 
Cin remain independent, namely Ciss, Cos, Cire, Cees, Co:1. 


Proof of 3.3. +7 = 2. From (4) we obtain 


Ca: = 0, (Gj #k #1 =1,2,...,m), 


provided that at least two of the indices are larger than 2. The remaining 


components of this type are C2, C2, C2 among which we have (as before) 
the identity 


Ci21 + Con + Cre = 0, (J = 3,4,...,2). 
It follows therefore that 2n — 4 of these components (e.g., Ci2:, Con; 
l = 3,4,...,m) remain independent. 


From (5) we have 


Cin = 0, (j = 3,4,...,"; 1 = 1,2,...,n), 
and 

beeCiir + OirCo2, = 0, (J = 3,4,...,m). 
Thus the m — 2 components C,;; (or C22,) (J = 3, 4,..., ) are independent. 


The two components Ci;. and C22; are also independent because they do 
not occur in any of the equations (5). 

Therefore, in the case under consideration, 3(m — 2) +2 = 3n —4 
components of the tensor C;, remain independent, namely, Ci12, Coo, Cie, 
Con, Cir (1 = 3, 4, coos n). 

The case r > 4 of Theorem 3.1 was proved by Thomas (10, §5) for a V, 
in an E,,,. In its general form but also for a V, in an E,4:, it was established 
by the present author (3, pp. 196ff). Here the same line of proof has been 
adopted. 

It is remarkable that in the case r = 3, the number of independent compo- 


nents of the tensor C,, does not depend upon the number of dimensions of 
V,. 
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ON FOURIER-STIELTJES TRANSFORMS 
A. P. CALDERON anp A. DEVINATZ 


Let -@ be the class of bounded non-decreasing functions defined on the real 
line which are normalized by the conditions ¢(— @) = 0, ¢(¢ + 0) = ¢(). 
Let F be the class of Fourier-Stieltjes transforms of elements of -4, i.e. the 
elements of and F are connected by the relation! 


ox) = fede, 


where ¢ € Mand @€ F It is well known, and easy to verify that this mapping 
from -@ to Fis one to one (1, p. 67, Satz 18). 

It is the purpose of this paper to give various topologies to -F and -4 so 
that the mapping from F to -@ will be continuous or at least continuous at 
certain points of A depending on the topologies. The topologies which we shall 
have occasion to use are enumerated below. 


A. The almost weak topology on F As a neighbourhood basis of an element 
&, € Awe shall take the sets in A which satisfy the relations 


| Jf icertoce) — )(x)] dx| < 4, Ls ae | 
and 
(0) < &(0) +4 


where {f,}:" is any finite set of elements in the Lebesgue class L'(— ©, @), 
and 6 is any positive number. We shall designate such neighborhoods by 


Ml {fe} 5 8; So). 


B. The mean value topology in A As a neighborhood basis of an element 
&, € Fwe shall take the sets in A which satisfy the relation 


T 
lim == |@(x) — Bo(x)| dx < 3, 
T+ -—T 
and 
#(0) < (0) +6 
where 6 > 0. In case a ® € U satisfies the above two relations we shall write 
|| — Bolln < 5. 
Received July 14, 1954. 


‘Absence of limits of integration will mean that the integral is taken over the interval 
(—@,@), 
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C. The mean almost weak topology in A As a neighborhood basis of a 
, € F we shall take those sets which for any 4 satisfy simultaneously the 
relations in A and B. We shall designate such neighborhoods by 


Ml fe}; 5; Pol. 
D. The uniform topology in 7 and -@ Let us write 
\| — Sol] = sup |(x) — So(zx)|, 
where the sup is taken over all x on the real line. Then as a neighborhood basis 
of &» we shall take the sets which satisfy 
\|® — || < 6. 
The same type of topology on -@ will be called the uniform topology on 4 
E. The variational topology on -4 We shall write 
\lé — oo||, = total variation [¢(¢) — ¢o(?)], 
and as a neighborhood basis of ¢» take the sets in -4 which satisfy 


Ilo — doll, < 8. 


Suppose now that ¢€ -4 and ¢ a point where ¢(t) — o(t — 0) > 6 > 0. 
Let I(¢;6;#) be a generic symbol for an open interval which contains the 
point ¢ and let {J(¢;46;¢,)} represent a class of such intervals where the ¢, 
run over all points for which the jump of ¢(¢) is greater than or equal to 4. 
Each such class of course contains only a finite number of members. 


THEOREM 1. Let )€ Fand « > 0 be given. There exists a 6 > O such that if 
we exclude a small interval about each point of the real axis where the jump of 
¢o(t) is greater than or equal to 5, we can find an almost weak neighborhood of 
o, M[ {fz}; 5; Bo], so that outside the excluded intervals each element of which 
corresponds to an clement of Mt {fx}; 5; Bo] is uniformly within « of do(t). 


In more technical language the above theorem can be stated as follows: 
Given &,€ Fand « > 0. There exists a 6 > O such that for any {I ($0; 5; ts) } 
there exists an M[ {fx}; 5; Bo] so that & C M[ {fe}; 5; Bo] implies |p(t) —do(t)| <e 
for all t¢ U I(o; 6; &). 


Proof. Let 6 > 0 be given and choose R sufficiently large so that 


f d dt) <6 
[tl>R 


Further, choose f*(¢#) to be of class C? (continuous second derivatives) such 
that 0 < f.*(t) < 1 and 


, L|ii<R 
Om 1) Ww R4. 
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fo(x) = - e-**f," (t) dt. 


Integrating by parts twice will immediately show that fo(x) € L'(—@, ). 
Further, since fo*(¢) itself belongs to L'(—@, @), is continuous and of 
bounded variation over the whole real axis, we have the inversion formula 


(1, p. 42). 
fo (t) = J foe) ede. 


Soa = ff [freer |aow. 


Since fo(x) € L'(— ©, @) and ¢(#) is bounded we may apply Fubini’s theorem 
(4, p. 77) and we get the Parseval relation 


fae d¢(t) = fete) (x) dx, 


Therefore, if we choose any ® such that 


Therefore, 


< 6, 





(1) | frocert@ce) — aocey) a 


we have for the corresponding ¢(f), 


| fae atom - 6o(t)] < 6. 


If ® satisfies the further condition 
(2) b(0) < &(0) + 4, 
then we have 


@) #0) +8> 00) > ff" > [KW done) —8> 40(0)—28. 


Therefore, 
0< fas - J. 20 < fas — frP@asw <3, 


from which we get 
(4) @(—R — 1) < 38. 

Now, choose a set {J(¢0; 5; ¢,) } and suppose there exists a ¢) in the comple- 
ment of / I(¢0; 4; ¢,) which lies to the right of —R — 1. There exists an 
h > 0 such that 
(5) ldo(to + h) — do(to)| < 4. 

Choose f:*(¢) and f,*(#) to be in C? with range in [0, 1] and defined in the 
following way: 
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0, t<—R-2, t>dtbe, 
. jl, -R-1<t<h, 
\0, t<—-R-2, t>te+h. 


, ’ -R-1<t<h-h, 


If f:(x) and f2(x) are the Fourier transforms respectively of f,*(¢) and f:*(2), 
then f; and f; are in L'(— @, ~), 

Let (x) be any element of A which satisfies (1), (2) and the further condi- 
tions 


< 6, k=1,2. 








fiero) — &o(x)] dx 


By the Parseval relation we have for k = 1, 2, 


(6) 





fio atow - onto] <a 
Consequently, by (4), (5) and (6) we get 
do(to) — 35 < fio do(t) < (to), 


(to) — 38 < fro dg(t) < do(te) + 28. 
From this it follows that 
—58 < do(to) — (to) < 38. 


The complement of  I(¢o; 8; &) (which we may as well suppose is not the 
null set) which lies in the interval (—R — 1, ~) consists of a finite number of 
mutually disjoint intervals. In each such interval it is possible to find a finite 
set of numbers 1; < rz < ... < 7, such that 7; and 7, are the endpoints of the 
interval and 


o(Te+1) — bo(tz) < 8. 


Therefore, there exist functions {f,(x)} each of which belongs to L'(— @, «) 
such that if (x) € M[{f,}; 8; Bo] we have 


lo(7x) — do(7x)| < 58. 


((2) and (3) also give us this relation for 7, = @.) 
Suppose tz < ¢ < t241. Then 


bo(re) < bolt) < o(re+1), (re) < O(t) < O(re41). 
Therefore 
(7) —65 < O(rz) — do(Te+1) < (4) — dolt) < O(Te41) — Go(7e) < 66. 


Since we are dealing with only a finite number of intervals in the comple- 
ment of LU I(¢o; 8; t;) which lies in(—R — 1, ©) we can find an almost weak 
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neighborhood of #» such that if ® belongs to this neighborhood, then the 
corresponding functions satisfy (7). If we now choose 6 = }« we have our 
theorem. 


Coro.iary. If $0(t) is continuous then the mapping from F, with the almost 
weak topology, to 4, with the uniform topology, is continuous at ®p. 


THEOREM 2. Let $o(t) € “be a step function. Then given « > 0, there exists 
aé > 0 such that 


|| — Soll, <8 
implies 
Il — doll, < €. 

Proof. Given $(t) and ¢o(t), let 4, be the set of points where either ¢(¢) or 
¢o(t) has a jump. Let a, and 5, be respectively the jump of ¢0(#) and ¢(¢) at 
t,. Let us write 

o(t) = S(t) + Di), 


where S(#) is a step function and D(#) is a continuous function. We then have 
o(t) — do(t) = {S(%) — do(t)} + DW. 


Since ¢o(#) is a step function, S(¢) — ¢o(¢) is either a step function or iden- 
tically zero since S(— ©) = ¢o9(— ©) = 0. This gives us the decomposition of 
¢(t) — do(t) into a step function and a continuous function. Therefore 
(2, pp. 189-190) 


ld — dalle = [IS — dolls + IIDIle 
Now, let ¥(¢) = S(t) — ¢0(#). Then (2, pp. 188-190), 
|S _ o||. at lvl. - > {v(t + 0) _ v(t.) | + W(t.) = v(t, = 0)|} 
By normalization of the functions in & we have 


W(t. + 0) — v(t,)| = 0 


Therefore 
[|S — Golle = 2 [ba — onl 
Consequently 
[16 — delle = Dy [be — @al + [IDIle 
< [bu — onl + [Ilo + be +S oe 
Since 


©(0) = [|4lle = Do be + [IDI 
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we have 


II — delle = Do [Pe — an] + (0) — Do bn + Do ay 


n=1 n=N+1 


Let us here make the parenthetical remark that if either ¢(¢) or ¢o(#) has a 
finite number of jumps, then }, or a, from some point on will be zero. 
Now, 


#(0) — > b, = (0) — &(0) + > a — ar 


n=1 n=N+1 


Therefore 


Ilo — dole <2 |b, — ay| +2 } a, + &(0) — %0(0). 


Choose N so that 


es) 


Zz a, < €/5 


n=N+1 

and then choose 6 < «/5N. It is well known (1, p. 79, Satz 24) that 

= . —ttaz 

a, = imar J, do(x) dx, 

a fF en tte 

Therefore 
1 T 
lb, — ay| < lim im oF , (x) — do(x)| dx. 


From this inequality we get the desired result. 
From the two preceding results we might expect that if Fis given the mean 


almost weak topology and -@ the uniform topology, then the mapping from 
F to M is continuous. This is shown by the next theorem. 


THEOREM 3. Given &)€ F and «>O, there exists a neighborhood 
Mm ( {fe}; 5; Bo) such that © € M,, implies 


Ilo — do|| < «. 


Proof. As in the proof of Theorem 1, let 6 > 0 be given and choose R 
sufficiently large so that 


f ddo(t) < 6. 
\tl>R 


Also, choose fo*(#) as in Theorem 1 and let f,(x) be its Fourier transform. Then 
if 6€ Fis such that 


(2) (0) < & (0) +4 
and 


| J fole)to(@) _ Po(x)] dx) <5; 
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as in Theorem 1 we get, fort < —R — 1, 


0 < o(t) < o(—R — 1) < 38, 
and 
(0) > (0) — 28. 


Suppose now that {r,} is the finite set of points to the right of —R — 1 for 
which ¢o(tx) — ¢0(7, — 0) > 5. The interval [r;, 7,41] may be subdivided by 
a finite number of points 


Tr = Tone < Tik <<. es < Tm = Tet 
such that 
Go(Ts41.%) — Go(Ty2) < 4, j=0,1,...,m-—1, 
and 
Go(Te+1 — 0) — Go(tm—1,2) < 5. 


Therefore, there exists a finite set of points, —R — 1 = tp) <4) <...<4,=@ 
which includes the set {r,} and such that 


do(ter1) — bolts) < 4, tei € {re}, 
and 
do(ter1 — 0) — bolts) < 4, tear € {re}. 
For k = 1,..., — 2, choose, as in Theorem 1, f,*(¢) € C*? and with range in 
[0, 1] in the following manner: 
" l, m<t<kh 
t) = + 
fe (0, SP>iee (Sh—1. 


Further, choose f,-:*(#) € C? such that 0 < f,_:*(#) < 1 and 
3 fi, to St < tyr 
fa-1 (t) = 

\0, S>hatl, t}éh—1. 


Let f,(x) be the Fourier transform of f,*(¢). Then if we choose # to satisfy (2) 
and 


8) | frecertece) — (2) ax 





< 6, k=0,1,...,#8#—1, 


then for ¢, ¢ {r,}, by the same method of proof as in Theorem 1 we have 
\o(tx) — do(te)| < 56. 
If 4 € {7,} then we have 
tulle — 0) — 38 < ffs") do) < ole — 0), 


from which 
do(t, — 0) — o( — 0) < 38. 
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Further, for the same ¢, 


(te) — 6(-R-1) < fi" do < ool) +, 
from which 
do(tz) — (tk) > —5é. 
In addition to (2) and (8) let us now pick @€ U to also satisfy 


(9) lim 7 r |B(x) — So(x)| dx <8. 
Suppose 
do(t, — 0) — o(t, — 0) < —66 or doltz) — Ot) > 58. 
Then, if a, and 5, are respectively the jump of ¢o(#) and ¢(#) at 4, we have 
a, — & > b. 


But since 
4 
ln kl < tim > f \b(x) — So(x)| dx <8, 
T30 2T -T 
we get a contradiction. Therefore, 


ldo(t, — 0) — o(t, — 0)| < 68, 
and 
ldo(te) — o(t,)| < 58. 


If we now proceed as in Theorem 1, the proof of our theorem is complete. 


From this theorem we get the following corollary, which was originally 


proved by Dyson (3). 


COROLLARY. Given &,€ Fand « > 0, there exists a 8; > 0 such that 
|| — &o|| < 5; implies || — dol| < «. 
Proof. Let 


M = max zo) dx, 
a 


where {f,} is the set in Theorem 3. Then choose 6; = 6/M, where 4 is that of 


Theorem 3. 


In closing this paper we wish to remark that if we replace the space -4 
by the space F of all functions of total bounded variation defined on the line 
and normalized in the same way as in -%, then our previous theorems can be 
given a meaning. We shall write down these corresponding theorems without 
proof and only remark that the proofs follow the pattern we have established 


before with only some slight modification. 





ly 


of 
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THEOREM 1’. Let a continuous ¢o «Band « > 0 be given. Then there exists 
aé > 0 and functions {f,}s" C C? such that 


| 
| Shate — $0]| <4, 
and 
Ilolle < |lol]. + 4 
implies 
Il — dol] < «. 
THEOREM 2’. Let ¢o€ Bbe a step function. Then given « > 0, there exists a 
5 > O such that 
max |saltus [¢(¢) — o(#)]| < 6 
and 
Ilolle < [lool], + 8 
implies 
illo _ o||- <« 


THEOREM 3’. Let ¢o€ Band «> 0 be given. Then there exist a & > 0 and 
{fe}i" C C* such that 





| 
Sinate — $o]| <5, max|saltus[¢(t) — ¢o(t)]| < 4, 
and 
ldlle < |leolle + 8 
implies 
Ilo — do|| < «. 


In the above theorems it is of course understood that ¢ belongs to F. 
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WEIGHTED QUADRATIC NORMS AND LEGENDRE 
POLYNOMIALS 


I. I. HIRSCHMAN, JR. 


1. Introduction. Let w,(x) = (m + 4)'P,(x), n = 0,1,...,be the nor- 
malized Legendre polynomials. If f(x) € Z'(—1, 1) and if 


— J. won(x) f(x) dx 


then we write 
f(x) ~ » Any, (2X). 


Let T = {t,} (0 < m < @) be a sequence of real constants. T determines a 
linear transformation on setting 7 f(x) = g(x) if g(x) € L'(—1,1) and if 


g(x) ~ > teftetta (22). 


(In general T will not be defined for every f € L'(—1, 1)). Let 


1 4 
Naslfl = | f a+aa- ofa) Fae | 


where —1 < a, 8 < 1. Na, will also be used to denote the space of functions 
f(x) for which N..s[f] is finite. Because of the special role played by x = + 1 
in Legendre series such norms are quite natural. Our objective in the present 
paper is to give a rather general sufficient condition for T to be a bounded 
linear transformation of Jt..¢ into itself. 

The origin of this problem lies in the fact that T is a multiplier transforma- 
tion and multiplier transformations for Fourier series have been extensively 
studied. Let, just as above, T = {t,} (— © <m < o) be formally defined as 
that linear transformation which carries 


f(0) ~~ ; >» a,e™" 
into 


Tf@)~ > tye”. 
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voile =| f° rorae}”. 


T is said to be of type [9, q] if there exists a constant A such that ||7/||,<A||f\|, 
for every f for which ||f||, is finite. Many classical investigations in the theory 
of Fourier series have been concerned with the problem of showing that a 
particular multiplier transformation is of some prescribed type. Thus the con- 
jugate function theorem of M. Riesz asserts that {i sgn m} is of type [p, p] 
for 1 < p < @, and the fractional integration theorem of Hardy and Little- 
wood is equivalent to the assertion that {(in)-*}’ is of type [p, p(1 — po)-"] 
for 1 < p < o—' < o. (Here the prime indicates that the term corresponding 
to n = 0 is omitted.) An investigation of particular relevance to the present 
paper is that of Marcinkiewicz (4) who, by making use of some very difficult 
researches of Paley, Littlewood, and later Zygmund, was able to prove that 
T is of type [p, p], 1 < p < o@, if 


1.1 ltn]| < A (n = 0, +1, +2,...), 
+2"+s 
} Ite — teal <A ft & & ae 3 
+2" 


Marcinkiewicz’s result plays a central role in the theory of multiplier trans- 
formations in that many of the other results can be deduced from it. Let 


Wiles =| Sf reorierrae |”. 


T will be said to be of type [(a, »), (8, g)] if there exists a constant A such that 
IT f\leg < Allflle,» for all f(@) for which ||f||.,, is finite. The author has recently 
proved that if the conditions (1) hold then T is of type [(a, p), (a, )] for 
l<p<o, —p'<a<1-— p™. See (3). The arguments used depend 
heavily upon the connection between Fourier series and power series, and thus 
cannot be extended to other orthogonal expansions. However it can be shown 
that the conditions 1.1 imply that T is of type [(a, 2), (a, 2)] by quite different 
arguments. This is, of course, the case of weighted quadratic norms. In the 
present paper we shall apply these arguments to Legendre series. It will be 
convenient to state our principal result. 


DEFINITION. T = {t,} (0 < m < @) is said to belong to class M(C) if: 


(a) lta| < C (n = 0,1,2,...); 
Qe+. 
(b) Xe Ite — al < C (n = 0,1,2,...). 
We shall show that if T belongs to class M(C) then 
NaslTf] < D(a, B)CNas[f] (—} <a,B < 4) 


where D(a, 8) depends only upon @ and §. The restriction —} <a, 8B < 3 
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here is essential and the result is not otherwise true. As an example let Sy = 


{svn} where sy. is 1 for 0 < » < N and is 0 for N < n < @. Sy belongs to 
M(1). Thus 


1.2 Na slSxf] < D(a, B)Na elf] (—3 <a, 8 < }). 
For the sake of comparison we recall that Pollard has shown in (6) that 
| Sxfllp < D(P)|If lle G <p <4), 


the result being false for other values of p. See also in this connection the paper 
of Newman and Rudin (5). 


Our method of demonstration depends upon the following inequalities, 
valid for 0 < a < }, 


EX(@) < Noalfl* De lasG + 4)? — axle + 4) “TO, 5) < EQ), 
Bi(a) < Real? Z ((—1)'a 5 + 9 - (Dak + TO.) < EB"), 
where 
QO(k,j) = (R+4)G + Ok — 5 (+5). 
Here E’(a) and E” (a) are positive constants depending only upon a. 

2. Preliminary estimates. The present section is devoted to establishing 
results which are needed to prove the identities announced at the end of §1. 
Let us write ¢(x) ~y(x) (x € X) if there exist finite positive constants 
¢; and cz such that c, < o(x)/(x) < ce (x € X). Similarly ¢(x) < ~ ¥(x) 


(x € X) if there exists a positive constant c such that ¢(x) < a(x) for (x € X). 
We define 


Q.(x) = > (1 — P,(x)}jn*™. 
LEMMA 2a. For.a fixed 0 < a < } we have 
Q.(x) ~» (1 — x)* (-1 <x <1). 


Proof. Let go = 1, 


1.3... (2m — 1). 
Em 24...2m’ 





then (8, p. 92) 
P,,(cos 6) 


ye &mEn—mCcOs (n — 2m)é. 
m=0 


Setting 6 = 0 we see that 


l= } &m8n—m; 


m=0 


and thus 


1 — P,(cos @) = > EmZn—m|1 — cos(m — 2m)é]. 
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Distinguishing between even and odd, we find 


@ 


> [1 — Pan (cos 6)}(2n)*"* = 2° [1 — cos (2)6] 20 (20) "gn sats 


> [1 — Poasi(cos @)](2n + | 


n=0 


= 22 [1 — cos(2j + 1)6] >> (2m + 1) "gy arse. 
j= 


nu?) 


Since 
2m(am)? —1 (m— ~) 
it is easy to establish that 
Do (20) gn har y & (25) ™, 


n>j 


Do (2m + 1) gn sng ge & (27 + 1), 


n>j 
and thus that 


Zz {1 — P,(cos 6)}n~*-"** = pos [1 — cos( 6)] j--™. 
n=] = 
Let 


p(0) = x [1 — cos(j@)] j7-*; 


then 


@ 


p'(6) = > [sin(j@))7-™. 


j=l 


It follows (10, pp. 112-116) that p’(6) ~6=-' (@-+0+) and thus that 
p(0) ~ 6*(0 < 6 < x). Combining these results we have the conclusion of 
our lemma. 


LeMMA 2b. [If a is fixed, (0 < a < 4), then 


f Q4(x) P.(x) Py(x) dx ~ —(k — jy *(k + j)" (k>j>0). 


Proof. The integral 


1 
 % P,(x) P(x) P,(x) dx (k > j) 


is zero except for those values of r such that k — 7 <r <k+j and such 
that the parity of r equals the parity of 7 + k. In these cases the value of the 
integral is given by the formula (1, p. 311) 





= 2g oh poh 
J P, (x) P (x) Pres 5-24(%) dx — (2k + 2j — + 1) ge+j—s ° 
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Thus 
1 
J a(x) P,(x) Ps(x) dx = — S(k,j), 
where 
i ae - 284-28 8s . —1—2a 
Si) = Le Gey oj—st Dean, *& t9- 2s™. 
We have 


j 
Sef) ~ RID (+ 1-8 AG 41-564 145 -257™. 
s=0 
If k>3j/2, O< s <j, then (k+1—s) ~k, (k +7 — 2s) ~k, so that 


j 
S(k,j) =k? @ DY) G+1-s +e ™, 
s=0 
which can be rewritten as 


S(k,j) = (Rk — jy (Rk + fj)" (k > 37/2). 

On the other hand if 7 < k < 37/2 then 
S(k,j) = Silk, 7) + S2(k, 7) + S3(k, 7) = ; 

2j—-kS8S i 4K 8<2f—k OOK hs 
If j<k<3j/2 and if 23-—k<s<j then (R+1—s)~(k —-j), 

(k +j — 2s) = (k — j), and (s + 1) ~&, so that 
Silk, j) = RG G+ 1- sy" 
P| 


2j—-k<s 
~ (k-—j)*(k +i)". 
If j7<k<3j/2 and j/2<s<2j—k then (kR+1—s)~(k-—S), 
(k+ 7 — 2s)~(k —s), (s+ 1) ~ k, and (j+1-—s) => (k — 5s), so that 
Sa(k,j)~k" Do (k— sy? (kh — jy MR + j). 
4j<8<2j—k 


Finally if 7 < k < 3j/2,0<s < 4j, then (R+1—s)~k, ((+1-—s) ~k, 
and (k + 7 — 2s) ~k, so that 


Ss(k,j) ~ ROP ™* SY (st iy t< eke —- jy (eR +f)". 


O<s<hs 
It follows that 
S(k, j) = (k — j)-**(k + 7) (j <k < 37/2), 
and our demonstration is complete. 
Let us set 
J 2060) + 4) Pale)G + 4) Pile) dx =} dry k= j, 
1 i alii — Crys k #j. 


Since 2, > 0 it is clear that d, > 0, while ¢,, > 0 by Lemma 2b. 














at 
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LEMMA 2c. 


@ 
> Cry = d;. 
k=0 


key 


Proof. We have (9, p. 332). 


4(1 — h’) 
(1 — 2hx + h’)*”* 





poh, x) = De ie + 4) Pa) = 


If —1 <h < 1 then 


Jf ote + 4) Py(x) p(h, x) dx = dj! — p> Cash. 
ky*j 


It is easily verified, by integrating term by term, that 


1 
f pth, x) dx = 1, —-l1<h <1, 
-1 


and it is easy to see that 


lim p(h, x) = 0 


ho l— 


uniformly for —1 < x < 1 — e for any fixed « > 0. From these relations we 
have 
sl 
lim _ Ba) C5 + 4) Py(x) ph, x) dx = 2.(1)(j + 4) Ps(1) = 0; 


ha l— 


that is, 


Cc 
. k 
lim > cash = d;, 
h+1l— k=0 

ky) 


and since the c,, are positive the series on the left is not only Abel summable 
but actually convergent. 


3. Some inequalities. The following result is demonstrated in (2): 


THEOREM 3a. If ¢,(0) = 0,1,...is a uniformly bounded orthonormal set on 
0 < 6 < 1 and if for F(6) € L*(0, 1) 


a = fF (0) on(0) do, 
then 


~ 1 
> ay(m + 1)~* < A(a) f F(6)°0""d6e (0 <a < }), 


where no, 11, M2, ... 1s any rearrangement of 0,1, 2,.... 
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In order to apply this theorem to Legendre polynomials let us define 


on(@) = w»(cos 1) [x sin 16]! 
F(@) = f(cos r6)[x sin +6}? 


(0 < @ < 1). Setting x = cos 16 we see that 


a= J f(x) on(x) de = ff FO) o4(0) a 


The functions ¢,(@) are evidently orthonormal, that they are uniformly 
bounded follows from (8; p. 161). Thus 


@ 1 
Y a4'(m + 1) < Ala) f FEO)'oa0, 
0 0 
We have 
1 1 1 2a 
f F(6)*0""do = f g(a) } arc cos x| dx ~ Noal fl. 
0 1 
Combining these results we have proved (7) 
THEOREM 3b. If 0 < a < § then 
> ay (Mm + | < Bla) Nol fT, 


where No, 11, N2,... is amy rearrangement of 0,1,2,.... 
We proceed to prove 
LemMA 3c. I[f0 < a < 3 and if 


(i) f(x) € Noa 
(ii) f(x) ~ > Oita (2), 
then 


lim > alw —n+1)"=0. 
Proof. Given ¢ > 0, let us choose a finite sum 
g(x) = > Dyin (x) 
such that No.[f — g]? < «. By Theorem 3b, 
. (a, — b,)"(N — 1 +1)" < A Noalf — gl’ < Ac 
where 5, is defined as 0 if nm > M. Now 


do an(N — n+1y™" = > (a,—,)°(N—n+1)™" + do an(N — n+1)~™. 


M+1 
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Thus 


N 
lim sup >) a,(N — n+ 1)" < Ae. 
Now 0 


Since ¢ is arbitrary our desired conclusion follows. 





4. The basic norm relations. We need the following version of the Riesz 
Fischer theorem, the proof of which is omitted: 


, LemMMA 4a. Let a(—1 <a < 1) be fixed. If constants {a,}9 are given and 
oe 
i r 
lim inf Med > own () <A, 
’ T+00 0 
| then there exists a (unique) function f(x) such that 


Noalf] <A, f(x) ~ > eugn(a). 


THEorEM 4b. Jf, for0 <a < },a/fixed 





(i) f(x) € Row 
(i) f(x) ~ D au (2), 
then 
| Moalfl = F loath + 44 — a4 + HOC, 3). 
Proof. Let 
| g(x) = >> byton (x) ; 


then by Lemma 2a, 
1 
Reale! ~ J Oue)le(x)Fae. 
= 


Using Lemma 2c we see that 


J coCertetertae = Sabie + = Sadak + BG +, 
= 2D [balk + 4) — 0G + 4) "Pees 


k>j 


where in this sum k and j vary from 0 to ~, 5, being equal to zero, for k > n. 
Applying Lemma 2b we have 


Noalg]l’ ~ Dd [ble + 4) — 1, + 4) “708, 9). 


k>j 


Thus our theorem is true for finite sums of Legendre polynomials. 
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Let f(x) € No and let 
h,(x) = ¥ a, 0(2) 
be a series of polynomials such that 
lim Noalf — h,] = 0. 


Note that this implies that 


lim Gren = Ay (k = 0, 1, °° = % 


Tc 


We have, if XN is fixed, 
De lara(e + 4) ay. (5 + 3) POR, A) < A Noalhy]’. 
06 j<46N 
Letting r increase without limit, we obtain 
De,  lax(k + 4)*—a,(j + 3) “7, 7) < A Noel fl. 
06 j<k<RN 
and finally, since N is arbitrary, 


z [ax(k + 3) — a,(j + 4) 70, j) < A Noal fl’. 
To establish the converse inequality let 
ule) = Yo ano (2) 
We have 
Noalfr]” > prec, lanl + $)* - a, + 4) "POG, A) 


+ Lait "2 O@,d). 


Now 
poe lark + 17-045 + TOR, 3) 
< DZ [axle + 4) - 0,4 + “7 0G. 5) 
and | 
> aj +4)" 2 Obj) <A > alr —j+1)™. 
Applying Lemma 3c, we see that 
lim sup Noelfrl’ < AD fax(e + 4) — a, + 4)*F OG, 9). 


The desired conclusion now follows from Lemma 4a. 











a 
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This theorem is equivalent to the first relation announced at the end of §1. 
The second relation there can be obtained from the first on noting that 


Na ol f(x)] = Nol f(—x)]. 


5. Bounded multiplier transformations. We are now in a position to prove 
our main theorem in the case 8 = 0, 0 < a < }. Let S, be the multiplier 
transformation which carries 


fs) N 
f(x) ~ p> AnW,(x) into Syf(x) = p> OnWyn (x). 
LemMA 5a. Jf 0 <a < § then 
Nao Sxf] < A (a) Na of f]. 
' Proof. We may suppose a > 0, since the case a = 0 is trivial. By Theorem 
4b we have 


Noel Sf]? < A 2 lan(n + 3)* — an(m + 4)*)Q(m, n) 
+A Damm + 4)7*Q(m, n). 


n>N 


Using Theorem 4b again we see that 
Dy [an(n + 4) — an(m + 4)*T'Q(m, n) < ANoalfl’. 
m,.nQN 


Further 
D an (m + 4)"O(m, n) < AD aD (n — my*™, 
m<N m<N 


n>N 
2>N 


<A an (N+1—m)™, 


m<N 
< A Nol fT, 
by Theorem 3b. These inequalities imply our desired result. 
Let 5, = 3.2*-*, r, = 2+-', let o, be the set of integers b, — 7, Ck <d,4+7,, 
and let 





pu(x) = [1 — 7,°(x — b,)’). 
If 
f(x) — YO ayen(x) 
then we define 
E, (x) _ 2 axpp(n) W, (x). 
Lemma 5b. Jf 0 < a < 3 then 


Y NoalE J? <A Noel fl. 


u=0 


Proof. We may again suppose a > 0. By Theorem 4b, 


No alE,]* =~ > + > + ds 


——$————— 
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where 


Da 


mneg 
a>m 


Lis = D palm) *an(m + 4) *Q(n, m), 
- 
Des = D palm) an(m + $)*Q(n, m). 


nee y 
m<ty 


Dd [on(m) an(m + 4)~* — py(m) an(m + $)*]°Q(n, m), 


Let us begin with }-». For m € o, we have 
Q(n, m) < Am(b, + ae m)** 


ney 


where A is indepdnent of m and yu. Since 


pu(m)* < 4(b, + m)*r,* (m E o,) 
it follows that 


> pu(m)*(m + 4)~*Q(m, m) < A(b, + 17, — m)* 7,” (m € o,). 


Making use of the inequalities 


(b, + . m)*—*% < A(m + 1 (m € u)s 
m+1<Ar, (m € @,), 

we obtain 
D. pa(m)*(m + 4)-*Q(n, m) < A(m + 1)-* (m € o,), 

and thus 


Lis SAD |an|*(m + 1)™. 
We next turn to >°;, which follows the pattern established for >. For 


nm € o, we have 


> O(n, m) < A n(n — b,+7,)™, 


moe, 
where A is independent of m and yu. Since 
p(n)” < 4(n — by + 14)"r 5 
it follows that 
Z paln)*(m + 4) Q(n, m) < Alm — by +17) 7h”. 
Making use of the inequalities 


(n — b, + 17,)?-™* < A(n + 1)** (m € oy), 
Tt, > A(n + 1) (m € a), 

















ee ——— 


SSS 
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we obtain 


Z pa(n)*(n + 4) Q(n, m) < A(n +1) (n € o,), 
and thus ; 
Ys < AD lanl" + 1)™. 
It remains to treat }°;. Since , 


a,p,(n)(n + 4)4*— anp,(m)(m + 4)4= [a,(n + $)4— a,(m + 4)-] p,(n) 
+ an(m + 4)4[0,(m) — p,(m)], 


and since 0 < p,(”) < 1, we have 


>< 22 [a,(n + 3) — an(m + $)*]Q(n, m) 


a>m 4 


+25) an(m + 4)7"[o,(n) — p,(m)]°Q(n, m). 


n.mee 
u>m - 


We assert that 

dutty 

De (m+ 8) "Lon(n) — pum)? Q(, m) < Alm +1) — (om € 04). 

n=m+ 
To verify this we note that 

pu(n) — py(m) = — (n — m)(n + m — 2b,) 1,,”, 
lp.(n) — py(m)| < A(m — m) 1;". 

It follows that 


2m + 43)""[ou(m) — pa(m)]"Q(m, m) < Art Mn —m)"", 


< Ar, (bh +7,—m)y™, 
< A(m + 1)™, 
as desired. Thus 
De <2 D2) [aaa + 4)* — alm + 4) Q(n, m) + AD n(n + 1)™. 


n>m" 


Summing and applying Theorems 3b and 4b, we have 


> NoalE,] < A Noel f]’. 


and our lemma is proved except for the fact that » starts at 2 instead of 0, 
which is evidently without significance. 

Let S, be the set of integers 2°-' qk < 2, wp = 1, 2,...; So is the integer 
k = 0. 
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Lemma 5c. If 0 < a < 3 and if n, € S, then 
D DL an(|m — n,| + 1) < A(@) Noel fl’. 


p= meSy 


Proof. By Theorem 3b, 
2D. pn (m)"am(\m — m,| + 1) < A Nol E,). 


mec, 


For m € S, p,(m) > A and thus 
Di an (lm — my] +1) <A DY py(m)*an(\m — my| + 1)™, 


meS, 
<A NoalE,]’. 


Summing over » and using Lemma 5b we obtain our desired result. Note that 
a similar inequality holds for Qo. 


THEOREM 5d. If 


(i) f(x) ~ Yayo (2) f EN 0<Sa<h, 
(ii) T = {t,}% belongs to class M(C), 
(ii) TY (x) ~ Yo tatatn(), 
then 


No alTf] < AC No lf]. 
Proof. We set 
5, (x) = Zz Ontntn (2X) 
neS, 
ore @61%.....8 
M 
Fy (x) = 2 3,(x), 
then, by Lemma 4a, it is enough to prove that 


Noel Fu] < AC Noel fl (M = 1,2,...). 
We have 


Noel Ful? ~ f. 0 (x) [Fae (x) Fax; 
and since 
1 M 1 
J tele Pae = Df 20) 16,e)Fax 


M 


+ 2 f. Qa(x) 5,(x) 8,(x) dex, 


B, pO. pete 
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it is sufficient to show that 





5.1 ; z.. i. f u(x) 5,(x) 5,(x) dx] < ACNoal fT’, 
and 
52 Sf ererIée < ACR. 

Let us set 





1 
lL. = | f Qa(x) 5,(x) 6,(x) dx (u * v); 
=f 


then 
— GnOmintm(n + $)*(m + 4) mn 


neSy,meS, 


’ 








and thus by Lemma 2b, 
1.440 lain (m + 4)” *(m + 4)*Q(n, m), 


neS,,meS. 


< AC ay ‘loa + |an|"}(m + 4)*(m + 4) O(n, m). 


neS,,meS, 


From this we obtain 


Y Ine S ACE & lanl” 2 E (m+ 4 + 70m, m) 


Bp, PO pete pO meS. 
4 


Now 
(n + 3)4(m + 4)4Q(n, m) < Aln — m|-'-, 
and if m € S, then 


|n — m|“*** < A[(m — ni, + 1) + (ni! — m+ 1)™), 


van) veep 


where n,’ and n,” are the first and last points of S,. Applying Lemma 5a it 
follows that 


Y he < ACD a lam |*{(|m — mp] + 1)-* + (|m — n}’| + 1)-*], 


Bp, v0 p=0 meS, 


a < ACRa Aff, ’ 


and 5.1 is seen to hold. 
Let us next consider 


J, 262), e)Fae 


For y fixed we set 


s(n,x) = x AmpPp(M) wm (x). 


"p 
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It follows from Lemma 5a that 
5.3 No als(m, x)] < ANo alE,]. 
We have, if u(m) = t,/p,(n), 

5,(x) = >» u(n)[s(n, x) — s(m — 1, x)]. 
Summing by parts we find that 
6,(x) = 2, 5(m, x) [u(m) — u(m + 1)] + u(2*) s(2” — 1, x) 

— u(2"-") s(2”* — 1, x), 
from which using 5.3 it follows that 
Noelds] < A NoalEn{ 2 |u(m) — m(m + 1)| + |u(2*)| + |u(2*))|}. 

Now it is easily verified that 


D |u(n) — ulm + 1)| + |u(2*)| + |u(2”)| < AC 


neS, 


and thus 
No ald.) < ACNo al E,]. 
Squaring and summing over yu we see using Lemma 5b that 5.2 holds. 
6. Multiplier transformations, continued. Let P(8, a) stand for the pro- 
position that if T € M(C) then M,,.[7f] < AC Ns,.[f] where A depends only 


on a and 8. Theorem 5d shows that P(0, a) is valid if 0 < a < 4. We wish to 


show that P(8, «) is valid for (—4 < 8, a < 4). We begin with two general 
principles. 


Lemma 6a. If P(8, a) is valid so is P(a, 8). 
Proof. Let f(x) € Nas; then, if F(x) = f(—x), 
Naslf] = Neal FI, NaslTf] = Neal TF]. 
Lemma 6b. If P(8, a) is valid so is P(—8, —a). 
Proof. Let f(x) € Ns. Let 
g(e) = > bun(x). 
We have 








1 
J eee ax 


and since 


< Nsal TF] N-,-alg] < ACNs,al f] N-+,-ale], 


J te@ le ae = f settee ae, 





Sa 
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~I 


this can be rewritten as 





J feNTe)1 de] < CA Kya fINs-ael 


which, since it is true forevery f € Ns,2, implies that R_» .[Tg] < CA N_»-.[g]. 
An evident approximation argument enables us to remove the restriction 
that g(x) be a finite sum of Legendre polynomials. 

Lemmas 6a and 6b together imply that P(0,a) and P(8,0) are true for 
—} <a,B8 < }. 


LemMA 6c. P(8, a) is valid if —4 <a,8 <0. 
Proof. Let f € Ns. We have 
Ns alTf] < A NoalTf] + A Ns ol TSI, 
< CA Noalf] + CA Nes olf], 


where we have used the fact that P(0, a), P(8, 0) are true for — } <a, 8 <0. 
Since 


No alf] < A Neal f], Ns olf] < A Ns olf], 
we have 
Neal Tf] < CA Neal f], 
as desired. 

Lemma 6c in conjunction with our previous results shows that P(, a) is 
valid if —4 < a, 8B < 4, and if a8 > 0; that is if a and @ are of the same sign. 
The case where a and £ are of different signs is slightly more difficult. 

Lemma 6d. Jf 0 <a, B < 4, if T € M(C), and if 

F(x) = (1 — x) T[f(x)] — T[Q1 — x) f(*)] 
then 
Np oF] < AC Noalf] 
where A depends only on « and 8. 


Proof. It is enough to prove this in the case where f(x) is a finite sum of 
Legendre polynomials. We have 


f(x) = Yo aun(e) = Do RPate), Ry = ar(k + 9). 
Since (9, p. 308), 
(1 — x) Py(x) = — (m+ 1) (2m + 1)-*Pagi(x) + Pa(x) — m(2n + 1)-*Py-1(x), 
we find, after a short computation, that F(x) = F,(x) + F2(x) where 


@o 


Fi(x) = >> (m + 1)(2n + 1) Ral—te + tots] Pasi (x), 


0 


F(x) = 3 n(n + 1)7Ral—ty + te-1] Po-a(2). 
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Note that these series are only formally infinite. Let g(x) € Ns. and let 


g(x) ~ > buon (x) = > RiP, (x)Ri = by(k + 9). 
We have 


1 fo) 
f F(x) g(x) dx = 2) (m + 1)(2n + 1)“*(2m + 1)" RRasil—te + trsal, 


| f F(x) g(x) dx 





<A } > \anPn+1| itn —_ te+1\- 


w=0 neS, 


If a, = l.u.b. |a,| form € S,and 8, = l|.u.b. |b,| form € S, then (see the remark 
following the proof of Lemma 5c) 


| Fics) eG) ax 





< A 2 an(8, + Byu+1) » Ite _ bn+1| 


ao C ; @ . 
< ACD a4 (8, + Buss) < acl ¥ «) (= #) 
< AC Noal fl Ne.olel- 


Since this is true for every g € MNg.o it implies that R_, [Fi] < AC No. [f]. 
Similarly we can show that W_¢ o[F:] < AC No,.[f]. 


LemMA 6e. P(8, a) is valid if —} <B <0 <q a < }. 
Proof. We have 
NealTf] < A NoalTf] + A No, o[(1 — x) TY]. 


Since P(0, a) is valid 
No al Tf] < AC Nol fl. 
If F(x) is defined as in Lemma 6d, then 
Np o[(1 — x) Tf] = Ne olT{ (1 — x) f(x)} + F(x)] 
< Ns o[T{ (1 — x) f(x)}] + Ns of F(x)]. 
By P(8, 0) 


Nz of T{ (1 — x) f(x)}] < AC Ne ol(1 — x) f(x)] 
< AC Ns al f(x)]. 


Since f € Vo.., Lemma 6d implies that 
Ns of F(x)] < AC Noalf] < AC Ns [f]. 
Thus combining these results 
Ne al Tf] < AC Ne lf], 
as desired. 


Our lemmas yield 


THEOREM 6f. P(a, 8) is valid for —} <a, B < }. 








ad 
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It is to be noted that there is another general principle which we have not 
invoked. It is easily shown by arguments like those used in the Riesz-Thorin 
convexity theorem that if P(a’, 8’) and P(a’’, 8’) are valid then so is P(a, 8) 
where a = a’(1 — 0) + a6, B = B’(1 — 0) + B80, 0 < 6 < 1. However this 
would not have shortened our arguments. 

We shall now indicate briefly and without going into detail how it can be 
seen that the restriction —} < a, 8 < } is essential in Theorem 6f. If Theorem 
6f were valid for a and 8 not satisfying the above restriction then 1.2 of §1 
would hold. That this is impossible can be seen using the methods of Newman 
and Rudin (5). 


7. Fractional integration. Let f(x) € Uta» where —} < a, 8 < } and let 
f(x) have mean value zero so that 


f(x) — p> An (X). 
We set 


I(e) fe) ~ Xe [n(n + 1) agg 2). 


I(¢) is a fractional integration operator if ¢ is positive and a fractional differ- 
entiation operator if ¢ is negative. Note that 


I(—2) f(x) = [(@* — 1) f’@)/. 
In the present section we shall apply our results to the study of J(c). 


THEOREM 7a. Let f(x) have mean value zero. If 


(i) —} <a, Bi < 4, —} < aa, B2 < }, 
(ii) O<é6<1, 
(iii) o = o2:8,a = (1 — 0) a; + Baz, 8 = (1 — 6) Bi + OB», 


then 
Ne slI() fl < A Na, g,Lfl-* Ne, 6, (on) fl" 


where A depends only upon ay, 8, a2, B2, o2 and 0, but not upon f. 


Using Theorem 6f we can show that, if f(x) has mean value zero and if 
—} <a,B < },then 
Na slI (ir) f] < A(r) Na sl f] 


where A(r) = O(|r/) as r+ + @. Note that although Theorem 6f is stated 
for real multipliers, it evidently holds for complex multipliers as well. This can 
be seen by decomposing into real and imaginary parts. The inequality we 
have just established asserts that “fractional integration” of purely imaginary 
order is a bounded transformation of Nt. into itself. It now follows from a 
general theorem on groups of multiplier transformations that this property 
of fractional integration of purely imaginary order implies (3; 11) the con- 
clusion of Theorem 7a. 
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We shall now use Theorem 7a to prove an analogue of a classical theorem of 
Hardy and Littlewood (10, p. 227). The method employed here could also 
be used to give a new demonstration of their result. 


THEOREM 7b. Let f(x) have mean value zero. If 


(fi) ma =~a-—-¢o,fi:=B8B-¢ (¢ > 0), 
(ii) a, B < 3, —4 < a1, Bi, 
then 


Np,a, [2 (c) f] < A Neal fl; 
where A depends only upon a, 8 and o but not upon f. 


Proof. It is enough to prove this for f(x) a finite sum of Legendre poly- 
nomials. We first assert that if —} < a < } then 


7.1 Noe [T(o) f) <A No al fl, 


where ¢ > 0, a3 = a — ¢, a, > — 4. Suppose first that a, <0 <a. Let 
Noa [g] < 1, where 


g(x) ~ 2 bain (2). 
We have 








= | > a,[n(n + 1)]-™b, 


. T ~ : 
< al Y ax(n + 1*| | De ba(m + | 
< A Noalf] No,-«, [g] 

< A No,a[f]. 


Here we have used Theorem 3b. Since this is true for an arbitrary g such that 
No. [g] < 1, it implies 7.1 for —} <ai << 0<Ka< 3. 

Next assume that 0 < a; < a < 3, where a; = a — co. We have from the 
case already considered, 


| f. [I(o) f(x)] g(x) dx 


No of I (a) f] < A Nol fl. 
By Theorem 7a, if ¢ = 6a 
Now, [T(e) f] < A Noalf}-*No,o[T (a) fl’ < A No al fl. 


Thus 7.1 is true if 0 < a1 <a < 3. If —} <ai1 <a <0, let No_. [g] < 1. 
We have 





| fw sen e as| =| J FCT) ee) de| < Roalfl No-al1(6) 6) 











df 


, 


at 


ne 
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But 


No-alT(o) g(x)] < A Noa [g(x)] < A 


(because —a = — a; — 6,0 < —a < — a < 4), so that 





J U@ see) de| <A Keath 


Since this is true for every g with Wo. [g) <1, it implies 7.1 for 
—} <a; <a <0. Thus, finally, 7.1 is true if —4} < a; < a < }. Similarly 
we can show that if —} < 8B; < B < 4, 8B} = B — @ (¢ > O), then 
7.2 Ns of I (c) f) < A Ns olf]. 
Let us set 
filx) = 3[1 — sgn x] f(x), 
f2(x) = $[1 + sgn x] f(x). 
We have from 7.2 that 


7.3 Ns, of I (ce) fi] < A Npo( fi] < A Neal f]. 

Since I(¢) € M(C) (for some C) Theorem 6f gives 

7.4 Ns,a,[T(c) fi] < A Noalfi] < A Neal f]. 

The inequalities (3) and (4) together yield 

7.5 Nes, a: [Z(o) fi] < A Np, ofT(e) fi] + A Ne o[T(e) fil 
<A Ns olf]. 

Similarly from 7.1 we have that 

7.6 Noa [T(c) fo] < A No al fe] < A Neal f]. 

Again, since I(¢) € M(C) (for some C), 

7.7 Ne, alI(c) fo] < A No, alf2] < A Ne olf], 

and hence 

7.8 Np, a [T(o) fo] < A Noa [T(o) fo] + A NealZ (c) fe) 
<A Ns al fl. 


Making use of 7.5 and 7.8, we obtain 


Ne, a [T(o) f] < Np, a. [T(o) fi] + Ne, 0, [7 (o) fe] 
< A Ne olf], 


as desired. 
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METAMATHEMATICAL CONSIDERATIONS ON THE 
RELATIVE IRREDUCIBILITY OF POLYNOMIALS 


P. C. GILMORE anp A. ROBINSON 


1. Introduction. In this paper, infinite fields K will be discussed which 
satisfy the following condition: 


ConpiTION C: for any polynomial p(t, x) in x, coefficients in K(#), ¢ trans- 
cendental with respect to K, which has no zeros in K(#), there is a ¢* in K for 
which p(f*, x) has no zeros in K. 

This condition is a priori weaker than Franz’s necessary and sufficient 
criterion! in the field K. As an illustration of the scope of the metamathematical 
method of proof in algebra, a metamathematical theorem (2.1) will be estab- 
lished for fields satisfying condition C. By means of the theorem it will be 
shown that for fields satisfying condition C not only does Hilbert’s theorem 
hold, but also two other theorems, one related to results proven by Dérge (1) 
and the other new. The metamathematical theorem to be established is an 
extension of a theorem proven by Robinson (6, pp. 35-52). 

Throughout this paper K will denote an infinite field, ¢ an element trans- 
cendental over K, and x will be an indeterminate. We will use the usual nota- 
tion of square and round brackets when adjoining elements to a field to denote 
the ring of the polynomials in the adjoined elements and the field of rational 
functions of the adjoined elements respectively. We will further use for logical 
notation, variables x, y, z, u, v, x’ and y’, “~,” “A,” “V,”" and “>” for 
negation, conjunction, disjunction and implication respectively, and “(x)” 
and “(3x)” for universal and existential quantification respectively. 


2. A metamathematical theorem. The language of the first order predicate 
calculus is assumed given with any number of individual parameters and 
atomic predicates. For any given field K and any element ¢ transcendental with 
respect to K, the language § is the language of the first order predicate calculus 
applied in the following way: to each member of K and to ¢ is assigned an 
individual parameter, and these are the individual parameters of §; to each 
subset of K, to each subset of the set K X K of pairs from K, to each subset 
of the set K X K X K of triples from K, etc., is assigned an atomic predicate, 
and these are the atomic predicates of §. Finally the language & is defined to 
be identical with § except that it is lacking an individual parameter for ?. 


Received May 10, 1954; in revised form May 12, 1955. Dr. Gilmore’s part of this work was 
done under a postdoctorate National Research Council Fellowship. 


‘See Franz (2, §3). In his paper, Franz considers fields K of the form K = F(a), where F is 
an infinite field and a is transcendental over F. For finite F, see Inaba (4). 


483 











484 P. C. GILMORE AND A. ROBINSON 


This assignment of parameters and predicates for the languages § and & 
will remain fixed for this paper, so that when we speak of a statement of £ or § 
holding for K or K (#), it is assumed to hold under the given assignment. Then 
R is defined to be the set of all statements of £ holding for &; i.e., & is the largest 
set of statements of 2 for which K is a model. 


THEOREM 2.1. For any field K fulfilling condition C, there is an extension S’ 
of S = K(t) which is a model of R and for which every member of S’ —S is trans- 
cendental with respect to S. 


Proof. Let the atomic predicates E(x, y), S(x,y, z) and P(x, y, z) be those 
of § which have been assigned to the following sets respectively: the set of all 
pairs of members of K with the first member of the pair equal to the second 
member of the pair, the set of all triples from K with the sum of the first two 
members equal to the third member, and the set of all triples from K with 
the product of the first two members equal to the third member. Within § 
can then be expressed any polynomial equation p(/) = 0 by using the atomic 
predicates E, S and P, and by using the individual parameters in F correspond- 
ing to the coefficients of the polynomials p(t). Thus using the letter r as the 
individual parameter of § which has been assigned to the element ¢ trans- 
cendental with respect to K, the notation 


pm Pi r’ # 0 
t=—0 


can be used as an abbreviation for the full statement in § for the polynomial 


equation of the same form. The following sets of statements from § are then 
defined: 


©: the set of all statements of the form 


> per’ we 0 
t=—0 


for all m, and for all sets of individual parameters for which the polynomial 
p(t) € K [t] with coefficients corresponding to the parameters ,, is not null. 
S,.: the set of all statements of the form 


«(5 s Quy 7 x’ 0) 


for all m and n, and for all sets of individual parameters for which the poly- 
nomial g(t, x) € K[t, x] with coefficients corresponding to the parameters q,; is 
irreducible in x over K(#), and of degree greater than one in x. 

The set R U S, U GS, of statements from § is consistent, provided we can 
show that K is a model for any finite subset of the set. Now, given any finite 
subset of R U Si U Gs, let p,(t) for i= 1,..., w be the polynomials in 
K{t] used to define the statements from ©,, and let qg,(t,x) forj7 = 1,..., 
v be the polynomials in K[t, x] used to define the statements from S,. Then 
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to show that K is a model for this finite subset of statements, we need only 
find a suitable f* € K to which the parameter + can be assigned, since the given 
assignment of parameters and predicates is assumed to be fixed. But then f* 
need only be chosen so that p(é*,x) has no root x in K, where the poly- 
nomial p(t, x) is defined to be 


Io IL a @.). 


Since all the g, are irreducible in x, p(t, x) has no roots in K(#), and therefore 
by condition C there is a * € K for which p(é*, x) has no root in K. 

Since the set R LV S, LU GS, is consistent, it has a model? M. Within & will 
be a set of statements containing no quantifiers or variables but only individual 
parameters of 2, and expressing all possible algebraic relationships between 
members of K. All of these statements are valid in the model M so that M must 
contain a subset K’ which is a field isomorphic to K. Further, since M is a 
model for the set ©,, M must contain a member ?’ which is transcendental 
with respect to K’ and therefore must contain a subset K’(t’) isomorphic with 
K(t). Since M is also a model of G2, every member of M—K’(?’) is trans- 
cendental with respect to K’(t’). Therefore an extension S’ of S can be con- 
structed isomorphic to M and such that every member of S’—S is trans- 
cendental with respect to S, establishing the theorem. 


3. Applications. Theorem 2.1 will now be applied to establish several 
results for fields fulfilling condition C. The principle of our method is to estab- 
lish that a certain statement of 2 holds in S’. It then follows from 2.1 that the 
statement holds also in K (see proof of Theorem 3.1), although it may be far 
more difficuli to prove this fact directly. 


THEOREM 3.1. Jf K fulfils condition C, then for any irreducible polynomial 
b(t, x) in x with coefficients in K(t) there are infinitely many t* from K such that 
p(t*, x) is irreducible in x over K. 


Proof. Let S and S’ be given for K as in Theorem 2.1. We will first show that 
if a polynomial p(t, x) with coefficients in S is irreducible in S then it is also 
irreducible in S’. For if p = pi . po, with pi, pe € S’[x], isa non-trivial factoriza- 
tion of p, then in the algebraic closure 7’ of S’, p; and » will split into linear 
factors. But in the algebraic closure T of S, p will split into linear factors and 
these factors can be identified with factors of p; and 2 in T’. Hence p; and p» 
must split into linear factors in T and must therefore be contained in 7|x]. 
But since all members of T are algebraic with respect to S, T(\ S’ = S, 
and hence i, p2 € S[x], giving that p is reducible in S. 

For any polynomial p(t, x) in x with coefficients from K(t) there can be 
defined a predicate J(z) in the language 2 such that for any member k of K, 


*Compare Robinson (5) or Henkin (3). 
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I(k) expresses that p(k, x) is irreducible in x over K. We can assume that 
p(t, x) is a polynomial 


Df (t) x‘, 


where f,(¢) € K[t] for 0 < i < n, since a factor g(t) € K[t] does not affect the 
irreducibility of p(t, x). Then for any given k € K, the fact that p(k, x) has no 
factor of degree m in x can be expressed by I,,(k), which is defined to be: 


(x0) eee (Xm) (yo) eae (Yn—m) (Xo Vo = fo(k) V Xo Vi tX1 Yo ~ filk) V «ee 
V Xm Yn—m fn(®)) 
where, for example, xo yo  fo(k) is an abbreviation for 


@( Pe yo,2) Ds ¥ Do py ‘') 


i=0 


assuming fo(¢) to be the polynomial 


Do pit 

i=0 
and where the other members of the disjunction are abbreviations for corre- 
sponding statements. Then if J(k) is defined to be J;(k) AT2(R) A... AIn-i(R), 
I(k) expresses that p(k, x) for k € K is irreducible in x over K. Hence to show 
that there is a /* in K for which p(é*, x) is irreducible over K, we need only to 
show that (jx)J(x) is valid in K. Further, in order to show that there are 


infinitely many ¢* in K for which p(¢*, x) is irreducible over K, we need only 
prove that 


(I) (321) (See) . . . (Jen) (21 4 22 A 21 423 A 22 A 23 A... A Sau H Qn 
I(z:) A I(#2) A... A I(&_)) 
is valid in K for any n. 

To show that a statement is valid for K it is only necessary to show that it is 
valid for S’, since if a statement is valid for S’ but not valid for K, its negation 
would be valid for K and therefore a member of &, contradicting that S’ is a 
model for R. But (3x) (x) is valid for S’ since t is a member of S’, and therefore 
since p(t, x) is irreducible over S it must also be irreducible over S’. Also the 
statement (1) is valid for S’ since not only p(t, x) is irreducible over S but also 
p(t+k, x) for any member k of K. Thus the theorem is established. 

This theorem shows that for any field fulfilling condition C, Hilbert’s 
irreducibility theorem can be proven. 

In (1), Dérge has proven theorems related to Hilbert’s irreducibility 
theorem as the following theorem is related to Theorem 3.1. 


THEOREM 3.2. If K is an ordered field fulfilling condition C, then for any a 
and b from K for which a < b and for any irreducible polynomial p(t, x) in x 
with coefficients in K (t), there exists a t* in K such thata < t* < band such that 
p(t*, x) is irreducible in x over K. 
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Proof. The order in K defines a set of pairs of K to which there will be as- 
signed a predicate Q(x, y) of 2. Q will appear together with EZ, S and P in 
statements in & expressing that K is an ordered field. For a given irreducible 
polynomial p(t, x), I(z) will be defined as in the proof of Theorem 3.1. Then 
for the present theorem it is sufficient to prove that for any parameters a and 8 
of 2 


(II) (dz) (Q(a, B) D O(a, 2) A Q(z, 8B) A I(z)) 


is valid for S’ (and hence that it is valid for K, by Theorem 2.1). 

Because S’ is a model of &, it must be an ordered field under some ordering 
< to which Q is assigned. To show then that (II) is valid for S’, it is sufficient 
to show that for any a and bd in K such that a < 3, there is a w in S’ which 
satisfies J(z) and is such that a < w < b. But such a w can always be found, 
for if 1 < ¢, put w=a-+ (6 —a)t'; if0 <t <1, putw=a+ (6b — a); 
if -1<t<0, put w=a-+ (a — d)t; and finally, if ¢< —1, put w 
= a + (b — a)t. No other cases need be considered since ¢ is transcendental 
with respect to K and hence neither E(0,#) nor E(1,t) can be valid 
for S’. In each of these cases it is possible to show from the properties of an 
ordered field, which S’ possesses by virtue of being a model for &, that 
a <t < bd. Further, since in each case w is transcendental over S, p(w, x) 
is irreducible over S and therefore irreducible over S’ (see proof of Theorem 
3.1), showing that w satisfies J(z). This proves the theorem. 


As final application, we will prove a theorem for fields K with a valuation y 
in an ordered field W. The valuations considered will be non-trivial and hence 
the function y will be such that (7, p. 325): 


3.21 for any k, ¥(k) is an element of W, 

3.22 for any k ~ 0,0 < ¥(k), and ¥(0) = 0, 

3.23 for any k and k’, ¥(k.k’) = y(k).W(k’), 

3.24 for any k and k’, y(k+k’) < ¥(k) + ¥(k’), 
3.25 there is a k such that ¥(k) ¥ 1 and ¥(k) # 0. 


The following properties can then be proven: 


3.26 for any a, k and k’, if (a)  O and ¥(k) < ¥(k’), then ¥(k-a) < ¥(k'-a) 
is true. This property follows from the fact that W is an ordered field, 
and from 3.23. 

3.27 for any k, if k # 0 then ¥(k) ¥ 0. 

3.28 foranya,kand k’,ify(a) = ¥(1) andy(k) < y(k’), theny(k-a) < y(k’). 


THEOREM 3.3. If K is a field with a valuation y in an ordered field W and K 
fulfils condition C, then for any a and b from K with b # 0 and for any irreducible 
polynomial p(t, x) in x with coefficients in K(t), there exists a t* in K such that 
v(a — t*) < (db) and such that p(t*, x) is irreducible in x over K. 
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Proof. Let E*(x, y) and Q*(x, y) be the atomic predicates of 2 which have 
been assigned to the following sets respectively: the set of pairs (a, 5) of ele- 
ments from K such that ¥(a) = (bd), and the set of pairs (a, b) such that 
¥(a) < ¥(b). Then these predicates will appear in statements in &. For ex- 
ample, in addition to statements expressing that E*(x, y) is an equivalence 
relation, the following statements will appear in &: 


(x) (y) (2) (Q* (x, vy) A QO*(x, 2) D O*(x, 2)), 
(x) (vy) (Q* (x, y) V O*(y, x) D E*(x, y)), 
(x) (y) (Q* (x, vy) V OF (y, x) V E*(x, y)), 


together with statements corresponding to properties of the valuation func- 
tion ¥, such as 


3.31 (x)(~E(x, 0) D Q*(0, x)) A (x) (Ee, 0) D E*(x, 0), 

3.32 (3x)(~E*(x,0) A ~ E*(x, 1)), 

3.33 (x) (y) (2) (u) (v) (Q* (x,y) A P(x,2,u) A P(y,2,0) A ~ E*(2,0) D Q*(u,2)) 
3.34 (x)(~ E(x, 0) D ~ E*(x, 0)) 

3.35 (x)(y)(2)(u) (QO, 2) A E*(1, x) A P(x, 9, u) D Q*(u, 2)), 


where ‘0’ and “‘1”’ are the individual parameters of 2 corresponding to the 
zero and the unit of K. 

If S’ is the extension of K given by Theorem 2.1, then S’ is a model for &. 
Hence in S’ there must be defined relations corresponding to the atomic pre- 
dicates E*, Q*, S and P. This can be expressed in the following way. The equi- 
valence relation E*(x, y) will determine equivalence classes in S’ for which 
¥(a) for any member a of S’ will denote the equivalence class determined by a. 
Thus for any a and 6b of S’, Y(a) = (bd) if and only if E*(a, 6) holds in S’. 
Further, these equivalence classes can be ordered by the relation corresponding 
to Q* (x, y), for we can say that for any a and b of S’, }(a) < (6) if and only 
if Q*(a, b) holds in S’, and this will be a proper ordering of the equivalence 
classes, by the statements listed above as appearing in K. Lastly, in S’ will 
appear relations corresponding to S and P, and these relations will be the usual 
addition and multiplication relations of S’ as in the proofs of Theorems 3.1 
and 3.2. Since K is a subfield of S’ and since the language &% contains para- 
meters for all members of K, we can say that for any members a and 5} of K, 
Y(a) = Y(b) if and only if ¥(a) = (0); ie., that the equivalence classes 
determined in K by y are the same as those determined in K by y. 

In order to prove the theorem, it is sufficient to show that for any para- 
meters a and 8 of & the statement 


3.36 (3z)(~ E(6, 0) D (x) (y)(S(, x, 0) A S(a, x, y) D QO*(y, B)) A I(2)) 


holds in K, and hence that it holds in S$’. It will hold in S’ if and only if for 
every a and b in K, with b + 0, there is a w in S’ such that J(a — w) < (0). 











~ 








RELATIVE IRREDUCIBILITY OF POLYNOMIALS 489 


Now 


(i) if P(t) < (1), let w = a — Bt; 
(ii) if P(1) < (0), let w = a — D.t”; and 


(iti) if P(t) = P(1), choose k in K, k ¥ 0, such that J(k) < (1), ie., such 
that ¥(k) < (1), and let w = a — D.k.t. 


In the last case, such a k can be found since 3.32 holds in K, and hence for some 
k, k #0, either ¥(k) < ¥(1) or ¥(1) < ¥(k) and hence either ¥(k) < ¥(1) or 
v(k-") < ¥(1) by 3.26. Each of the w’s chosen can be shown to satisfy 
Y(a — w) < (bd), for 


(i) since ~E(6,0) holds in S’ so does ~E*(b,0) by 3.34, and therefore 
Y(t.b) < P(a) by 3.33; 


(ii) By 3.26, J(t-") < (1); the remainder of the proof can be completed as 
in case (i); 


(iii) Y(k.b) < (b) can be proven following the previous cases, and from this 
by 3.35 can be proven J(k.b.t) < J(0). 


Finally, each of the w’s will satisfy I(z) since in each case p(w, x) will be irre- 
ducible over S and therefore irreducible over S’. Hence we have shown that 
3.36 holds in S’ for any parameters a and 6 of 2 and have therefore established 
the theorem. 
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INDUCED AND PRODUCED MODULES 
D. G. HIGMAN 


Introduction. We shall consider here two generalizations to rings of the 
‘concept of induced representation as it occurs in the representation theory of 
finite groups (6). 

If A is a ring, S a subring of A, we shall associate with each S-module M 
an induced pair (I(M), x) consisting of an A-modulo J(M) and an S-homo- 
morphism x: M — I(M). « will be an isomorphism if and only if there exists 
an A-module having M as an S-submodule, and then J(M) can be described 
as ‘‘the most general A-module generated by M”’; so our definition is a gen- 
eralization of the classical concept, consistent with that of other writers 
(7; 11; 15). 

Dually, we shall associate with M a produced pair (P(M), x) consisting 
of an A-module P(M) and an S-homomorphism r: P(M) — M, the duality 
involved being an instance of the duality formalized by MacLane (12). 

We investigate certain dual properties of the induced and produced pairs. 
If M is given as an A-module, we can consider it as an S-module and form 
(I(M),«) and (P(M),x). Then M is (A-isomorphic with) an A-quotient 
module of J(M) and an A-submodule of P(M). We determine when M is a 
direct summand of J(M), or dually, of P(M). 

If A is a group ring, and S a subring by a subgroup of finite index, 7(M) and 
P(M) are isomorphic A-modules for every unitary S-module M. The general 
question of when J(M) and P(M) are isomorphic leads to the consideration of 
certain generalized ‘“‘Casimir operators’’ and to the notion of a ring self-dual 
with respect to a subring. 

As applications of our general discussion we mention a characterization of 
separable algebras related to a result of Hochschild (9), a characterization of 
the principal indecomposable representations of a Frobenius algebra, and 
certain theorems of Eckmann (2), Gaschiitz (5) and Higman (7). 


1. INDUCED AND PRODUCED MODULES 
1. The induced pair. Let S be a subring of a ring A. It is our intention 
to study some relations between representation modules for S and those for 
A. Our methods will not be complicated by extending the problem according 


to the following definitions, which also will be natural for the considerations 
of Part II: 
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If S is a ring, a module M which is at the same time a left and a right 
S-module such that 
s-ut = su-t (s,t € S,u € M) 
is called an S-bimodule. We shall call a ring A an S-ring if it is an S-bimodule 
subject to the additional conditions 
s-ab = sa-b, a-sb = as-b, a-bs = ab-s (a € S;a,b € A), 
typical examples being the case in which S is a subring of A, or A a hyper- 
complex system over a commutative field S. 

An S-bimodule M will be called a right A,S-module if it is a right A-module 

satisfying 

S*uad = Su-d, u-sd = Uus-a, u-as=ua-s (a € S,u € M,a €A). 
Interchanging left and right we obtain the definition of left A,S-module. 
We shall usually abbreviate ‘right A,S-module”’ to “‘A,S-module’’. Also, we 
shall usually state only one of a pair of left-right dual definitions or propositions. 

The S-ring A itself can be considered in a natural way as an A,S-module 
and as a left A,S module. 

If S is a subring of A, a right A-module M becomes an A,S-module if we 
let S operate trivially on the left of M; su = 0 for alls € S,u € M. 

We write M = ,N to indicate the existence of an A,S-isomorphism of an 
A,S-module M onto an A,S-module N. 

We shall now consider certain A,S-modules determined by S-bimodules. 
We claim that to each S-bimodule M there corresponds a pair (J(M), «), 
consisting of an A,S-module [(M) = I4,s(M) and an S-homomorphism 
x: M — I(M), determined up to an A,S-isomorphism by the property: 

(I) If H is any A,S-module and 6: M—H is an S-homomorphism then 
there exists one and only one A,S-homomorphism 5: I(M) — H such that 6 = xé, 
in other words, such that the following diagram is commutative: 


I(M) 
T Nb 
ke oN\ 
\ 
I anny i 


6 
We shall say that the pair (J(M), «) is induced by M, writing I(M) = I,,5(M) 
when we wish to stress the role of A and S. 

We postpone to §7 the exhibition of a pair satisfying (I). That there can 
exist essentially only one such pair is readily seen as follows: Suppose that the 
pair (H, 4) also satisfies (I). Then there exists by (1) an A,S-homomorphism 
§: 1(M) —H such that 6 = «dé, and an A,S-homomorphism %: H — I(M) 
such that « = 6x. Then dz is an A,S-endomorphism of J(M) and xét = 6% = x. 
It follows from the uniqueness requirement of (I) that 6% is the identity 
automorphism of J(M). By symmetry #6 is the identity automorphism of H, 
proving that 6 = zg is an A,S-isomorphism of J(M) onto H, with 6 = «é. 
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Another characterization of the induced pair is as follows: We say that a 
pair (H, 4), consisting of an A,S-module H and an S-homomorphism 6: M — H, 
is generated by M if the smallest A,S-submodule of H containing Mé is H 
itself. If 6 is an isomorphism, we say that H is generated by M. We have 


THEOREM 1. The induced pair (I(M),x) is determined up to an A,S-iso- 
morphism by the properties 

(a) (I1(M), x) ts generated by M. 

(b) af (H,8) is generated by M then there exists an A,S-homomorphism 
§: I(M) — H such that 6 = xé. 

For the proof we use 


LemMA 1. Let (H, 6) be generated by M and let x be an A, S-module, e: M— K 
an S-homomorphism. Then there exists at most one A,S-homomorphism i: H — K 
such that « = 62. 


Proof. The equation « = 6 means that the restriction of z to Mé is uniquely 
determined by «. Since ¢ is an A,S-homomorphism, we have for all a in A 
that éa-¢ = 6¢-a = ea, which means that the restriction of ¢ to M-éa is 
uniquely determined by e. Hence ¢ is uniquely determined by « since H is the 
l.u.b. of its submodules Mé and M-éa with a in A. 


Proof of Theorem 1. That (J(M),x«) satisfies (b) follows at once from its 
defining property (I). 

To prove (a) we show that the g.l.b. M of the A,S-submodules of J(M) 
which contain Mx coincides with I(M). Let j be the injection of M into J(M). 
Then x = aj defines an S-homomorphism a: M — M. Since (M, a) is generated 
by M, as is clear from its construction, Lemma 1 implies that 7 is the only 
A,S-homomorphism of M into I(M) such that «x = aj. By (I) there exists an 
A,S-homomorphism @:1(M)— M such that a = «a. Then « = aj = «aj = 
ajaj. But jaj: M — I(M) is an A,S-homomorphism. Hence jaj = j, so that 
j& is the identity automorphism of J(M). Similarly &j is the identity automor- 
phism of M, proving that @ = j-', and hence that M = I(M). Consequently 
(a) is satisfied by the induced pair. 

That (J(M), x) is essentially uniquely determined by (a) and (b) is readily 
verified using Lemma 1, thus completing the proof of Theorem 1. 


When « is an isomorphism, so that M can be identified with the S-submodule 
Mx of I(M), we say the I(M) is induced by M. By (I) we see that this is the 
case if and only if there exists an A,S-module having M as an S-submodule. 
By Theorem 1, when «x is an isomorphism we can describe 7(M) as ‘“‘the most 
general A,S-module generated by M”’, and this is the only case in which there 
exists an A,S-module conforming to this description. Thus our definition of 
induced module is consistent with the classical one; for instance, if A is a ring 
with identity element e, S a subring of A containing e, and R a right ideal of S 


(turned into an S-bimodule by letting S operate trivially on the left) then 
I(R) = RA. 
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2. The duality and the produced pair. We want to subject our discussion 
to a dualization, the duality involved being an instance of the duality formal- 
ized by MacLane (12). 

If M and N are modules, we write 


a:M—-wN 


to mean that a is a homomorphism of M into N, and write K (a) for the kernel 
of a. If M is a submodule of N, u-—>u (u € M) defines the injection of M 
into N, while if M is a quotient module of N, M = N/L,v > L + 0 (v9 € N) 
defines the projection of N onto M. 

To any statement © about modules, referring to homomorphisms of one 
such into another, submodules, quotient modules, injections and projections, 
but not to elements of modules, we assign a statement © by carrying out in S 
the interchanges indicated by the following table: 


a:M—wN a:N—M 

a an isomorphism into product a8 aa homomorphism onto product a 
submodule quotient module 

injection projection 


Note that “S-bimodule” remains unchanged, while “right A,S-module’’ is 
interchanged with “left A,S-module’’. 

In the terminology of MacLane (12), © is the dual of S. We shall call the 
left-right dual S’ of S the dual of S. Then “right A,S-module” and “left 
A,S-module”’ are self dual. 

In particular, the dual of the (right) A,S-module 7(M) is an A,S-module. 
Precisely, the dual of our statement defining and asserting the existence and 
essential uniqueness of the induced pair is the following (as before, S is a ring, 
A an S-ring): 

To each S-bimodule M there corresponds a pair (P(M), x), consisting of 
an A,S-module P(M) and an S-homomorphism +: P(M) — M, determined up 
to an A,S-isomorphism by the property (P) if H is any A,S-module, and 6: H— 
M is an S-homomor phism, then there exists one and only one A,S-homomorphism 
5: H — P(M) such that 6 = ix: 


P(M) 
\G 
7 ~~ 
| 5\. 
M «-—H 


We call (P(M), x) the pair produced by M. Its existence will be established in 
§7 by the exhibition of a pair satisfying (P). The essential uniqueness of the 
produced pair can be shown by dualizing the demonstration of the correspond- 
ing fact for the induced pair, i.e., by replacing each statement of that demon- 
stration by its dual in the sense defined above. 
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Actually, the uniqueness proof for (7(M), «) can easily be translated into a 
“categorical’”’ one for the abelian bicategory of all modules and homomorphisms 
of modules into modules (12). Hence we can infer at once the essential 
uniqueness of (P(M), x) from that of (J(M),«) by invoking the duality 
principle of MacLane (12, p. 806). 

Except for the existence proofs for (J(M),«) and (P(M), 7), the same 
remark will apply to all the theorems of this Part I. These will occur in dual 
pairs S, S’, of which we shall prove only one, say S, phrasing the proof in 
such a way that it can easily be translated into a categorical one. Then we 
can conclude at once from MacLane’s duality principle that S, and hence S’ 
is a theorem. If we do not wish to refer to the duality principle, we can obtain 
a proof of ©’ by dualizing that of S. 

Dualizing the definition of generated pair as given in §1, we say that a pair 
(H, 6), consisting of an A,S-module H and an S-homomorphism 6: H — M, 
is permeated by the S-bimodule M é@f the only A,S-quotient module of H 
containing H/K (6) is H itself. The reader will readily obtain a characterization 
of the produced pair in terms of this notion by dualizing Theorem 1. 

When - is onto, so that M can be identified with the S-quotient module 
P(M)/K(mr) of P(M), we say that P(M) is produced by M, thus dualizing 
the notion of induced module. According to (P), x is onto if and only if there 
exists an A,S-module of which M is an S-quotient module. 


3. Iteration and direct sums. When JM is given as a right S-module, it 
can be turned into an S-bimodule by letting S operate trivially on the left; 
su = 0 for all s in S, u in M. Then it is easily seen that S operates trivially 
on the left of the A,S-modules J(M) and P(M). 

Suppose that T is a subring of S, then the S-ring A is also a T-ring. Let M 
be a right 7-module and consider the induced pairs (Js r(M), xr) and 
(I4,slI s,r(M)],«,). Then it is seen by verifying (I) that (J4, s[I.s,r(M)], «rx s) 
is induced by M. We have the formula 


(3) Ia,sIs,r = Ia.r 
and dually 
(3’) Pas Psir = P 4,1. 


Similarly it is proved that if an S-bimodule M is a direct sum M = M,@M; 
of S-submodules, then we may choose 


(4) I(My ® Mz) = I(M;) @ I(M:) 
(4’) P(M, ® M:) = P(M;) @ P(M)). 
4. A,S-injective and A,S-projective modules. Let H be an A,S-module. 


We shall call H an A,S-protract of an A,S-module H’ if there exists commutative 
diagram 








£ 


ve 
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where ¢: H’ — H is an A,S-homomorphism, e: H — H’ is an S-homomorphism, 
and i is the identity automorphism of H. This implies that ¢ is onto, H =~ , 
H'/K(c), € is an isomorphism, and, as an S-bimodule, H’ = K(c) @ He. 
We shall also refer to H as an A,S-protract of (H’, c) or of (H’, a, «). 

An A,S-module K will be called A,S-projective if, whenever a is an A,S- 
homomorphism of K into an A,S-module H, and H is an A,S-protract of 
(H’,c), then there exists an A,S-homomorphism 4: K-—>H" such that 


a = ao: 


H’ 





H 


The interest of this definition for our present purposes arises from the 
following fact: 


THEOREM 2. For any S-bimodule M, the A,S-module I(M) is A,S-projective. 


Proof. Let H be an A,S-protract of (H’,o, e) and let a: [(M) — H be an 
A,S-homomorphism. Now ¢ = xae: M — H’ is an S-homomorphism, hence 
by (J) there exists an A,S-homomorphism @: I(M) — H’ such that ¢ = «a. 
Then sac = ¢0 = xaeo = xa. But &@c: 1(M) — H’ is an A,S-homomorphism, 
hence by the uniqueness part of (J), a = ae, proving that J(M) is A,S- 
projective. 

From the notion of A,S-protract we obtain by dualization that of A,S- 
retract; that an A,S-module H is an A,S-retract of an A,S-module H’ means the 
existence of a commutative diagram 


where o: H — H’ is an A,S-homomorphism, ¢: H’ — H is an S-homomorphism, 
and as before, 7 is the identity automorphism of H. Then ¢ is an isomorphism, 
€ is onto, and, as an S-bimodule, H’ = Ho @ K(e). We shall also refer to H 
as an A,S-retract of (H’,c), or of (H’,¢, «). 

Dually to A,S-projective modules we have A,S-injective modules, an A,S- 
module K being called A,S-injective if, whenever H is an A,S-retract of 
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(H’, c), and a: H — K is an A,S-homomorphism, there exists an A,S-homo- 
morphism &: H’ — K such that a = o&. Dual to the fact that J(M) is A,S- 
projective we have 


THEOREM 2’. For any S-bimodule M, P(M) is A,S-injective. 


5. The case M an A,S-module. Now we consider the case in which M 
is given as an A,S-module to begin with. Then we can consider M as an 
S-bimodule in order to form the induced pair (J(M),«) and the produced 
pair (P(M), x). 

Let i be the identity automorphism of M. By (I) there exists one and only 
one A,S-homomorphism ¢: ](M)— M such that i = xt. It follows that xt 
must be an isomorphism and ¢ must be onto. We have 


THEOREM 3. Jf M is an A,S-module, then I4,5(M) is induced by M (con- 
sidered as an S-bimodule), and there exists one and only one A,S-homomorphism 
of I(M) onto M such that M is an A,S-protract of (I(M), t, x). 


Dually 


THEOREM 3’. P,4,5(M) is produced by M, and there exists one and only one 
A,S-isomorphism j: M — P(M) such that M is an A,S-retract of (P(M), j, 1). 











I(M) P(M) 
7‘ aw) 
K \ us \ 
\ 
M M M — M 
1 1 


Thus an A,S-module M is always an A,S-protract of J(M) and an A,S- 
retract of P(M). When is it isomorphic with a direct summand of one of these 
A,S-modules? We shall prove! 


THEOREM 4. For an A,S-module M, the following conditions imply each 

other: 

(a) K(t) is a direct summand of I4,5(M), so that I, s(M) =~ ,K(t) ® M. 

(b) M is (A,S-isomorphic with) a direct summand of I 4, 5(M). 

(c) M is A,S-projective. 

(d) if M is an A,S-protract of (H, c), then K(c) is a direct summand of H, so 
thatH =~ K(c) @ M. 

(e) M is A,S-isomorphic with a direct summand of every A,S-protract of M. 


Proof. (a) implies (b) at once. 


(b) implies (c): By Theorem 2, 7(M), and hence every direct sum- 
mand thereof, is A,S-projective. Hence (b) implies (c). 


1The reader will readily see the relation of our result to results of Baer (1) and Eckmann 
and Schopf (4). 
































INDUCED AND PRODUCED MODULES 497 


(c) implies (d): Suppose M is an A,S-retract of (H, oc). Let i be the identity 
automorphism of M. Then (c) implies the existence of an A,S-homomorphism 
t: M — H such that io = i. Hence 7 is an isomorphism and H = K(c) @ Mi, 
proving that (c) implies (d). 

(d) implies (e) at once. 

(e) implies (a): By Theorem 3, M is an A,S-protract of J(M). 

Hence (e) implies that M is a direct summand of J(M), so that M is A,S- 

projective by Theorem 2. By Theorem 3, M is an A,S-protract of (J(M), 2), 

hence K(t) is a direct summand of J(M) by the implication of (c) by (d) 

already proved. Thus (e) implies (a), completing the proof of Theorem 4. 
The dual of Theorem 4 is 


THEOREM 4’. For an A,S-module M the following are mutually equivalent 
conditions: 
(a’) Mj is a direct summand of P4,5(M), so that P4,5(M) =~ ,P(M)/Mj~ M. 
(b’) M is (A,S-isomorphic with) a direct summand of P,,5(M). 
(c’) M is A,S-injective. 
(d’) if M is an A,S-retract of (H, oc), then Mea is a direct summand of H, so that 
H =~ ,H/Me ® M. 
(e’) M is (A,S-isomorphic with) a direct summand of every A,S-retract of M. 


CoroLiory. Let H be an A,S-projective (injective), indecomposable A,S- 
module such that the S-submodules of H and the A,S-submodules of I,4. s(H) 
(P4,s(H)) satisfy the descending chain condition. Then there exists an inde- 
composable S-bimodule M such that I,.5(M) is induced by M(P,4.5(M) is 
produced by M) and contains a direct summand A,S-isomorphic with H. 


Proof. As an Bimodule, H has a Remak decomposition H = M,@...@® 
M,, M;, an indecomposable S-bimodule. By (4), J(H) ~ 4I(M;) @...@® 
I(M;,), and this decomposition can be refined to a Remak decomposition. 
If H is A,S-projective, we infer from Theorem 4 that H is A,S-isomorphic 
with a direct summand of J(H). Hence, since H is indecomposable, it is 
A,S-isomorphic with a direct summand of J(M,) for some i by the Remak 
theorem. J(M,) is induced by M since I(H) is induced by H. Thus the corollary 
is proved with M = M,. 


6. The Casimir operators. Now assume the existence of an A,S-homo- 
morphism 


A: P4.s(M) — Ia. s(M) 


for some fixed A,S-module M. Note that this assumption is self dual. 

If N is a second A,S-module, and a: M — N is an S-homomorphism, there 
exists by (J) one and only one A,S-homomorphism @: J(M) — N such that 
a = «a. If 7: M — P(M) is the A,S-isomorphism of Theorem 3’, then 


(5) @ = ja: M > N is an A,S-homomorphism. 
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P(M) ——— (I)M 
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jf a 
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+ 





a 
Dually, if 8: N — M is an A,S-homomorphism, 
(5’) B = B:N—> M 


is an A,S-homomorphism, where 8: N — P(M) is the one and only A,5S- 
homomorphism such that 6 = fx, whose existence is guaranteed by (P), 
and t: [(M) — P(M) is the homomorphism onto of Theorem 3. 

The mappings & and @ are generalizations of the Casimir operators which 
occur in the theory of separable algebras as will be seen in §8. If a and 8 are 
A,S-endomorphisms of an A,S-module M, then &and f are A,S-endomorphisms 
of M. We have the following self-dual theorem: 


THEOREM 5. Let i be the identity automorphism of M. Then each of the 
conditions 

(1) There exists an S-endomorphism a of M such that & = i. 

(2) There exists an S-endomorphism B of M such that B = i. 
Implies all the conditions (a) through (e) and (a’) through (e’) of Theorems 4, 4’. 

If \ is an isomorphism onto, the conditions (a) through (e) and (a’) through (e’) 
are mutually equivalent and imply (1) and (2). 


Proof. lf & = j\& = i then \&: P(M) — M is an A,S-homomorphism onto 
and P(M) = Mj ® K(&), proving (a’) of Theorem 4’. Furthermore, 7A: M — 
I(M) is an A,S-isomorphism, 4: J(M) — M is an A,S-homomorphism onto, 
and I(M) = Mj @ K(@), proving (b) of Theorem 4. The remaining condi- 
tions of Theorems 4 and 4’ follow from those theorems. 

Next assume that A is an isomorphism onto. That the conditions (a) through 
(e’) are mutually equivalent follows at once from this assumption and Theo- 
rems 4, 4’. If we now assume (a’) of Theorem 4’, i.e., that Mj is a direct sum- 
mand of P(M), then there exists an A,S-homomorphism i: P(M)— M 
such that ji = 1. Then a = x\~7 is an S-endomorphism of M, and &@ = d~4. 
Hence & = ja = ji = i, proving (1). 

The rest of Theorem 5 is dual to the part already proved. 


7. Construction of induced and produced pairs. For the construction of 
the induced and produced pairs we need the following definitions, also used 
in later sections. 

Let M be an S-bimodule. By M @ sA we denote the tensor product of M 
and A over S, that is, the module generated by all pairs u @ a, with u in M, 
a in A, with the relations 
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us@a=u® sa (s € S) 
(w+ u)@a=-u@a+u,@a, u®@ (i+ a) =u @a+u® ay 
into an A,S-module by 
s(u@a)=su@Qa, (u@a)s =u @as, 
(u @a)b = u @ ab (s € S,b € A). 


By S-Hom,(A, M) we shall denote the module of all module homomor- 
phisms f: A — M such that 


as-f = af-s (s € S) 
turned into an A,S-module by 
a(s*f) = s(af), a(f*s) = (sa)f, 
a(f*b) = (ba)f (s € S,b € A). 


For the construction of the induced pair let us assume first that A is a ring 
with identity element e, S a subring of A containing e, and let the S-bimodule 
M be right unitary, i.e., such that we = u for all u in M. In this case we can 
choose 


I4.s(M) = M® sA, x:4u—-u@e (u € M) 


for the induced pair. For we can check that if H is any A,S-module and 
6: M — H is an S-homomorphism, then 


(6) 5:u @a—ud-a 


determines the one and only one A,S-homomorphism 6: J(M) — H such that 
6 = «é. 
Furthermore, in this case we can choose 


P.4,s(M) = S-Hom,(A, M), 2r:f-ef (f € S-Hom,(A, M) 
as a realization of the produced pair. If 5: H — M is an A,S-homomorphism, 
(6’) a-hé = ha-é (h € H) 


defines the one and only A,S-homomorphism 6: H — S-Hom,(A, M) such 
that 6 = dx. 

In particular, if M is given as an A,S-module, then the A,S-homomorphism 
onto ¢t: 1(M) — M of Theorem 3 is given by 


(7) t:u @a—ua 
while the A,S-isomorphism into 7: M— P(M) of Theorem 3’ is given by 
(7’) a-uj = ua. 


The general case of an S-ring A and an S-bimodule M is easily reduced to 
the one just considered. 
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II. Setr—Duat S—RINGs 


8. S-bilinear forms. For an S-ring A, A’ = S-Hom, (A, S) as defined in 
§7 is an A,S-module. Let ¢: A — A’ be an A,S-homomorphism, (considering 
A as an A,S-module). Then 
(1) (a, b) = b-a@ (a,b € A) 


defines a mapping (a, b) of the set of pairs of elements of A into S with the 
properties 
(a; + a2, b) = (a, b) + (ae, b), (a, by + be) = (a, bi) + (a, be) 


2 
@) (as, b) = (a, sb), s(a, b) = (sa, b), (a, b)s = (a, ds) (s € S) 


and 
(3) (ab, c) = (a, bc) (b € A). 


” Such a mapping satisfying conditions (2) is called an S-bilinear form on A. 
If in addition it satisfies (3) we call it associative. A 1.1 correspondence between 
the S-bilinear forms (a,b) on A and the A,S-homomorphisms ¢: A — A’ is 
established by (1). 

Interchanging left and right in the definition of <A’, we define 
A” = S-Hom, (A, S) as the module of all module homomorphisms f: M — S 
such that sa-f = s-af (s € S,a € A), turned into a left A,S-module by 


a(f*s) = (af)s, a(s*f) = (sa)f, a(b*f) = (ba)f (s € S,a,b € A). 
By the symmetry of the conditions (2) and (3) we have that 
(4) (a, b) = a-b¢’ 


defines an A,S-homomorphism ¢’: A — A”. 
Note that ¢ is an isomorphism if and only if 


(5) (a, A) = 0 implies a = 0 
while ¢’ is an isomorphism if and only if 
(6) (A, a) = 0 implies a = 0. 


An S-bilinear form satisfying (5) and (6) is called non-singular. 

We shall call an S-bilinear form (a,b) on A invariant if the A,S-homo- 
morphisms ¢: A — A’ and ¢’: A — A” defined by (1) and (4) respectively 
are both isomorphisms onto. 

An S-ring A will be called self-dual (with respect to S) if it admits an 
invariant S-bilinear form. Note that if A is an algebra over a field S, this 
condition implies that the dimension of A over S is finite and hence is much 
stronger than the assumption of the existence of a non-singular form. 

Let [a,b] be a second invariant S-bilinear form on A determining A,5S- 
isomorphisms ¥: A — A’, ¥’: A — A” according to (1) and (4). Then 


(7) [a,b] = (ae, b) = (a, bo’) 


where ¢ = ¥¢™' and o’ = y’¢’—" are A,S-automorphisms of A considered as 
a right and a left A,S-module respectively. 
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9. Casimir operators. By a left S-basis of an S-ring A we shall mean a 
finite set a;,...,a, of elements of A such that each a in A can be written 
uniquely in the form 


a= > sa; (s € S) 


i.€., @1,...,@, is a finite free basis of A as a left S-module. A right basis is 
defined similarly. 

Throughout §9 we shall assume that A is a ring with identity element e, S a 
subring of A containing e. If then M is an S-bimodule such that ue = wu for all 
u in M (called right unitary), we can, according to §7, take Z,,5(M) = M@sA 
and P,,s(M) = S-Hom,(A, M). In particular, A = I(S) and A’ = P(S). 

If A has both a left and a right S-basis, and if there exists an associative 
S-bilinear form (a,b) on A such that the A,S-homomorphism ¢: A — A’ 
defined by (1) is an A,S-isomorphism onto, we see that to each left S-basis 


@;,...,@, Of A there corresponds a right S-basis d;,..., d, of A determined 
by 
(8) (a4, Gs) = 84; 


where 6,, = 0 if 1 # j, 54, = e. Consequently (a, 5) is invariant and A is 
self-dual with respect to S. 

Given an invariant S-bilinear form (a,b) on A, a left S-basis a,...,@_ 
and a right S-basis a), ... , @, satisfying (8) will be called dual. By (8) and the 
associativity of (a, b) we have 


(9) aa = >, ay, (a ¢ A,ay € S) implies ad, = >> a, Ay. 
j=l j=l 

One proves easily 

LEMMA 2. If a;,...,@, is @ left S-basis, d,..., 4, @ set of elements of A 
satisfying (9), then 
(10) Af Las @ a 

(= 

defines an A,S-homomorphism \: P(M) — I(M) for any right unitary S-bimodule 
M. If &,..., G, is a right S-basis of A, then is an isomorphism onto, and A is 
self-dual. 


Combining this with the above remarks we obtain 


PROPOSITION 1. Let A be a ring with identity element e, S a subring of A con- 
taining e. If A has both a left and a right S-basis, each of the following conditions 
is necessary and sufficient for A to be self-dual: 

(a) A~,A’ = S-Hom,(A, S). 

(b) I4,s(M) =» aPa,s(M) for every right unitary S-bimodule M. 

(c) to each left S-basis a;,...,@, of A there corresponds a right S-basis 
G;,..., G, satisfying (9). 
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Now we compute the Casimir operators of §6 which are determined by the 
mapping A defined by (10). Accordingly, we assume that A is an S-ring having 
a left S-basis a;,...,@, and a set of elements d;,..., &, satisfying (9). Let 
M and N be right unitary A,S-modules, and let a: M — N be an S-homo- 
morphism, &: M — N the corresponding A,S-homomorphism determined by 
4: P(M) — I(M) according to (5) of Part I. 

By (5), (6’), and (7) of Part I, and (10) we have for u in M 


ua = uja = (> G,;-uj @ aa = > ud, @ a,ja = > Ud, a a; 
i.e., 


(11) a= Aya ay. 


Similarly, if 8: N — M is an S-homomorphism and §: N — M is the corres- 
ponding A,S-homomorphism given by (5’) of Part I, we have 

These formulas (11) and (12) justify our reference to & and # as generalized 
Casimir operators. Let A be a separable algebra over a field S, and let 
@,,...,@, be a basis of A, d,..., 4, a dual basis of A with respect to a 
discriminant matrix. If @ is a linear transformation of a representation module 


for A over S, & is the Casimir operator of classical theory (8). 
By (11) and Theorem 5 we have 


THEOREM 6. Let A bearing with identity element e, S a subring of A containing 
e. Suppose that there exists a left S-basis a,,...,@, of A and a set of elements 
Gi,..., 4, of A satisfying (9). Let M be a right unitary A,S-module. Then the 
condition 
(*) There exists an S-homomorphism a of M such that 


n 
> daa, = 4 
i=1 


(the identity automorphism of M)is sufficient for all the conditions (a) through 
(e’) of Theorems 4, 4’. If G,,..., G, is a right S-basis of A, each of these conditions 
ts equivalent to (*). 


This theorem contains results of Eckmann, Gaschiitz and the author (cf. §13). 


10. The case of commutative S. Throughout §10 we shall assume that S 
is a commutative ring, and that A is a self-dual S-ring such that sa = as for all 
a € A, s € S. In this case, considered as S-bimodules, Hom,(A,S) = Hom, 
(A,S). The assumption that A is self-dual with respect to S means that there 
exists an invarient S-bilinear form (a, 5) on A, determining A,S-isomorphisms 
¢ of A onto Hom,(A,S) and ¢’ of A onto Hom, (A,S). Since ¢ and ¢’ both 
have the same range, there exists for each a in A elements af and a* in A such 
that a*¢ = ad@’ and ad = af¢’, i.e., such that 


(13) (a*, b) = (6,a) and (a,b) = (6, af). 




















rw 


th 
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Since (a, 5) is invariant, 

(14) ¢*:a—a* and ¢f:a— at 

are reciprocal S-automorphisms of the S-bimodule A. Furthermore, 
((ab)*, c) = (c,ab) = (ca, b) = (b*c, a) = (a*, b*c) = (a*b*, c), 


which implies that (ab)* = a* b*. This proves that ¢* is an automorphism 
off the S-ring A, the inverse of ¢* being ¢f. 

Let [a, 6] be a second invariant S-bilinear form on A, and yw the corres- 
ponding A,S-isomorphism of A onto Hom,(A,S). The relation between 
¢* and y* is readily seen from (7). Let us consider in particular the case in 
which A has an identity element, then the A,S-automorphisms of A considered 
as an A,S-module are the left multiplications by units of A. In particular 
¢ = ¥¢~"' is effected by left multiplication by a unit, say co, of A, and hence 
by (7) 

(15) [a, b] = (cea, d). 


Hence [agty*, b] = [b, ad@t] = (cob, abt) = (a, cob) = [co~*a, cob] = [com'aco,b], 
so that ¢fy* is the inner automorphism of A induced by ¢p. It is easy to see 
that all the inner automorphisms of A are obtained in this way from invariant 
S-bilinear forms, hence 


PROPOSITION 2. Jf A has an identity element, the automorphisms ¢* of A 
determined by invariant S-bilinear forms on A according to (13) and (14) consti- 
tute a full residue class modulo the inner automorphisms of A. 


CoROLLARY. There exists a symmetric invariant S-bilinear form on A if and 
only if there exists an invariant S-bilinear form on A such that the correspond- 
ing automorphism $* is inner, and then all the automorphisms of A determined 
by invariant S-bilinear forms are inner. 


Proposition 3 and its Corollary were obtained by Nakayama for Frobenius 
algebras (14). 

Suppose that A possesses a right identity element e. Then (a, b) = (a, be) = 
(e*, ab) = (e*a, b), so that a = e*a and eé* is a left identity. Hence e = e* 
is an identity element for A. 


LemMA 2. If A possesses a one sided identity element then it possesses an 
identity element. 


Now we shall record some further criteria for the existence of an identity 
element in A, assuming the descending chain condition for left S-ideals. 
We shall use the following notation: For a subset X of A, 


p(X) = {a € A\(X,a) = 0} 
q(X) = {a € Alj(a, X) = 0} 
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Then p and g induce lattice endomorphisms of the lattice of submodules of A. 
If L is a left ideal, the associativity of (a, b) implies that p(ZL) is a right ideal. 
Also by (13), g(Z) = p(Lf) so that q¢(L) is also a right ideal. Hence p and g 
induce homomorphisms of the lattice of left S-ideals into the lattice of right 
S-ideals. By symmetry, they also induce lattice homomorphisms in the opposite 
direction. 

From the definitions of » and g we have p(X) C the right annihilator 
I,(X) of X, and ¢g(X) C the left annihilator 7,(X). If A has an identity we 
have equality. 


PROPOSITION 3. If the left S-ideals of A satisfy the descending chain condition, 
each of the following conditions is necessary and sufficient for the existence of an 
identity element in A. N denotes the radical of the S-ring A. 

(a) I,(L) = p(L) for every nilpotent minimal left S-ideal L, and I,(N)=p(N). 

(b) p(L) = p(AL) for every nilpotent minimal left S-ideal L, and p(N) = 
p(AN). 

(c) L CLA for every nilpotent minimal left S-ideal L. 


Proof. Suppose that A possesses an identity element. That the condition 
(a) is satisfied has been observed already, while (b) and (c) follow at once. 

We shall complete the proof by showing that (b) implies (a), and that each 
of the conditions (a) and (c) implies the existence of a right identity; the 
existence of an identity follows from Lemma 3, since we are continuing under 
the assumptions made concerning A and S at the beginning of §10. 

Since we have assumed the descending chain condition for left S-ideals, A 
is a semi-primary S-ring unless it is nilpotent. In any case there exists an 
element e = e? in A such that 


A=eA ®@ Ry = Ae @ Lo 


where Ry and Lp» are respectively a left and a right S-ideal of A contained in 
N such that eRo = Loe = 0. If Lo ¥ 0, we infer from the descending chain 
condition that there exists a minimal left S-ideal L of A such that L C Lo. 
Since L is minimal, NL = 0, i.e., L C I,(N). Moreover, LA = LeA + LRy = 
LRo C LN, so that LA = LN. 

Assuming (a) we have LC /,(N) = p(N) = q(N*) = q(N) C1I,(N). 
Hence LN = 0 which implies that LA = 0. Then A C I,(L) = p(L), hence 
L = 0. But this contradicts the assumption that Ly) ¥ 0, proving that e is a 
right identity of A. 

Next assume (b). For any subset X we have the implications X7,(X) = 0, 
(A, XI,(X)) =0, (AX, I,(X)) = 0, I,(X) C p(AX). Hence if p(X) = p(AX), 
I,(X) = p(X). Thus (5) implies (a). 

Finally assume (c). Then we have the following implications: NL = 0, 
(NL,A) =0, (N,LA)=0, LOLAC P(N) = g(N*) = g(N) C 1,(N), 
LN =0, LA = 0, L = 0. This again contradicts the assumption that Ly) ¥ 0, 
proving that ¢ is a right identity, and completing the proof of the proposition. 
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III. APPLICATIONS 


In this last part we mention some applications of the general discussion 
of the preceding parts, in particular relating our results to certain known 
results. 


11. Algebras. For a first application of our general theory we consider a 
finite dimensional algebra A over a field F, assuming that A has an identity 
element e, so that F can be identified with a subring of the center of A. 

A module M is called a unitary representation module for A if M is a (right) 
A-module such that ue = u for all u in M, and has finite dimension over F. 
Then M corresponds to a representation [ of A by matrices in F such that 
I'(e) is the identity matrix, i.e., to a unitary representation T of A. 

We can apply the discussion of Parts I and II, reading ‘‘unitary representa- 
tion module” for “A ,F-module’’, and “‘finite vector module” for “‘ F-bimodule’’. 
Note that a simplification takes place because of the fact that, if M is a 
subrepresentation module of a unitary representation module H of A (in 
which case I is called a top constituent of the representation A corresponding 
to H) then M is automatically an A,F-retract of H since there exists a vector 
submodule of H complementary to M. If M is a quotient representation 
module of H (in which case T is called a bottom constituent of A) then M 
is an A,F-protract of H. 

If a unitary representation module M has dimension m over F then it 
decomposes as a vector module into a direct sum of m copies of F 


M~m X F. 
Hence, by §7 and formulas (4) and (4’) of Part I we have 
(1) I4,s(M) = am X I4,s(F) ~ am X (F @sA)~smMXA 
(1’) P4.s(M) = 4m X S-Hom,(A,S) = m X A’. 


In (1), A is to be considered as the A-module corresponding to the first regular 
representation of A. In (1’), A is to be considered as the left A-module corres- 
ponding to the regular anti-representation of A, so that A’ = S-Hom,(A,5S) 
corresponds to the second regular representation of A. 

M corresponds to a unitary representation I of degree m. 

By Theorems 3, 3’ we have 


THEOREM 7. A unitary representation T of A of degree m is a bottom con- 
stituent of m X the first regular representation of A and a top constituent of 
m X the second regular representation of A. 


Let us call I projective or injective according as M is A,F-projective or 
A,S-injective, in the sense of 4. 

If M happens to be indecomposable, then by the Remak theorem and (1), 
M is isomorphic with a direct summand of I(M) if and only if it is isomorphic 
with a direct summand of A. Hence by Theorem 4 we have 
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THEOREM 8. If I is an indecomposable unitary representation of A in F, 
the following conditions imply each other: 

(a) I ts a principal indecomposable representation of A, i.e., T is equivalent 
to an indecomposable component of the first regular representation of A. 

(b) I ts projective. 

(c) whenever T is a bottom constituent of a unitary representation A of A, T 
1s equivalent to a component of A. 


The dual of Theorem 8 corresponding to Theorem 4’ is obtained by inter- 
changing ‘‘first’’ with “second” regular representation, “‘projective’’ with 
“injective’’, and “bottom” with “top’’ constituent. 


COROLLARY. A unitary representation T is projective if and only if it is a 
direct sum of principal indecomposable representations, while T is injective if 
and only tf it is a direct sum of indecomposable components of the second regular 
representation. 


An algebra A over a field F is a self-dual F-ring in the sense of Part II 
if and only if its two regular representations are equivalent (Proposition 1). 
Thus the algebras with identity elements which are self-dual with respect to 
the ground field are precisely the Frobenius algebras (13). Lemma 3 and 
Proposition 3 provide necessary and sufficient conditions for an algebra A 
having its two regular representations equivalent to possess an identity 
element. 

By Theorem 6 and Theorem 8 and its dual we have 


THEOREM 9. Let A be an algebra over a field F, and assume that A possesses an 
identity element. Let T be an indecomposable unitary representation of A in F 
of degree m. Let a, ... , dn be a basis of A, and assume that there exists a set Gy,...,4p 
of elements of A satisfying (9) of Part II. Then the condition 


(**) there exists a matrix X in F of degree m such that 


> I'(a,)X Tay) = In 


(where In, is the identity matrix of degree m) 
implies that T 1s a component of both the first and second regular representations of 
A. 

If A is a Frobenius algebra, and a,,...,@, and d,..., &, are dual bases of 
A, then (**) characterizes the direct sums of principal indecomposable representa- 
tions of A. 


12. Separable algebras. We shall also record the following characterization 
of separable algebras. The equivalence of (b) of our theorem with separability 
was proved by Hochschild (10, Theorem 5); that condition (b) below is 
equivalent with Hochschild’s condition (ii) is fairly obvious. 
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THEOREM 10. Each of the following conditions is necessary and sufficient for 
an algebra A with identity element e to be separable: 

(a) A is a Frobenius algebra, and there exists an element a in A such that 
> aaa, = e, where a;,..., a, and d;,..., d, are dual bases of A. 

(b) to each basis ay, ..., 4, of A there corresponds a set @,,..., 4, of elements 
of A satisfying condition (9) of Part II such that aia, = e 


Proof. As is well known, a separable algebra is Frobenius, and even symmet- 
ric, for it has an identity element, and its reduced trace induces an invariant 
bilinear form. Hence to prove that (a) is satisfied by separable algebras A 
we have to show the existence of an element a in A such that }) daa, = e. 
By a standard device, this question is reduced to the case where A is a direct 
sum of full matrix rings in F, 


Let E*,, (a =1,...,k; i,f = 1,...,ma) be the matrix units. Then (£*;,, 
E*,:) = 64961: determines an invariant F-bilinear form on A such that the 
basis of A dual to the basis consisting of the E*,, is defined by 
E* 4; = E* 54. 

Let T = > E84 so that TE*;; = 0 if i a he TE*,; = EA 4. Then 

i E*,;TE“;; = > | = I 

a,t.j i,a 
proving (a) in this case. 

Assume (a) and write @, = da. Then a,...,a, and @,..., @, satisfy 
condition (9) of Part II since this is the case for a;,...,@, and d,..., d 
according to Proposition 3. Hence (a) implies (b). 

By Theorem 6, condition (b) implies that every unitary representation 
module of A is a direct summand of every unitary representation module of 
which it is a representation submodule. Hence A is semi-simple. Since condi- 
tion (b) survives any extension of the ground field, this implies that A is 
separable. Thus (a) and (b) are each equivalent to separability. 


13. Groups. Let G be a group, and denote by A the ring of all linear com- 


binations 
LD a8, 


g¢G 
where a, is a rational integer, and almost all a, are zero. Let S be a subring of 
A spanned by a subgroup H of finite index. A set L of representatives of the 
cosets xH is a left S-basis of A and the set L~' of inverses of elements of L 
is a dual right S-basis. Therefore A is a self-dual S-ring in the sense of Part II. 
The generalized Casimir operators have in this case the form 


> x ax 


zeL 
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(cf. §9), and application of Theorem 6 yields at once Theorems 1, 1’ of a pre- 
vious note of Higman (7), which includes a theorem of Eckmann (2) and 
coincides with Gaschiitz’s generalization (5) of the Maschke theorem in case 
S = 1. 

Assume that G is finite, and let M be a representation module for G in a 
field of prime characteristic p. If the subgroup H contains a p-Sylow subgroup 
of G, multiplication by the index G: H induces an automorphism of M, and 
taking a to be the inverse of this automorphism we have }>x~'ax = 1. We 
thus obtain Theorem 2 of (7). See (8) for another application. 
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ON ORDERS IN SEPARABLE ALGEBRAS 
D. G. HIGMAN 


Introduction. The present note began from the observation that the 
arguments produced by J-M. Maranda in developing his very interesting 
theory of representations of groups by automorphisms of modules over 
Dedekind rings (4, 5) were applicable without essential change to arbitrary 
orders, instead of just group rings, provided that a suitable generalization of 
Theorem 1 of (4) could be supplied. We prove that when the ring of integers 
is a Dedekind ring a certain integral ideal 7(G) vanishes if and only if G is 
an order in a separable algebra, thus extending Maranda’s results to these 
orders and indicating that an essential change can be expected in going beyond 
this case. 

The author is indebted to Professor Maranda for the opportunity of studying 
(5) before its publication. 


Notations. The following notations will be fixed throughout. 
g = Dedekind ring. 
K = quotient field of g. 
A = (finite dimensional linear associative) algebra over K with identity 
element e. 
@ = g-order in A. 


1. The ideal J(G). By a two-sided G-module we shall understand a module 

T having © both as a ring of left and right operators such that 
(fu)n = [(un), eu=ue=u $2 €G,u €T), 

which is finitely generated over g. 

For such a two-sided G-module T we shall denote by Z(T) the g-module of 
all g-homomorphisms ¢ of & into T such that 
(1) o(Sn) = $6(n) + o(f)0 (¢,9 € G), 
and by B(T) the submodule of ¢ € Z(T) for which there exist elements 
u € T such that 
(2) o(w) = wu — uw (w € @). 


We shall use H(T) to denote the quotient module Z(T)/B(T). 

In the language of cohomology theory Z(7) and B(T) are modules of 
1-dimensional cocycles and coboundaries respectively, and H(T) is the 1-dimen- 
sional cohomology group for T. 
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A right @-module, or simply a G-module will be understood to be a module 
having @ as a ring of right operators such that e acts as the identity operator, 
which is finitely generated over g. If M and N are G-modules, the module 
Hom(M, N) of all g-homomorphisms of M into N can be turned into a two- 
sided G-module by defining 


(fo) (u) =(wlf(u)), (wf) (u) = f(uw) (w € @). 
Taking T = Hom(M, N)/aHom(M, N), where a is an integral ideal of g, 
we obtain the module Z(7) of a-modular binding systems of M and N and the 
submodule of a-modular binding systems strongly equivalent to 0 (4). 

We shall be particularly concerned with the annihilators I(T) of the g-mod- 
ules Z(T), and the intersection for all two-sided G-modules T of the ideals 
I(T), which intersection we shall denote by J(G). From the above we see that 
a theorem to the effect that J(G) # 0 would bea “suitable” generalization of 
Maranda’s Theorem 1 in (4). In §3 we shall prove that 7(G) ¥ 0 if and only 
if A is separable. In §4 we shall show how to construct 7(@) from an invariant 
bilinear form on A; in particular, if @ is the group ring of a finite group of 
order N then J(@) is the principal ideal generated by N. 


2. Separable algebras. In order to obtain the results mentioned in §1 
we shall make use of a characterization of separable algebras which we estab- 
lished as a corollary to general results in (2). For the convenience of the 
reader we include a direct proof here. 

Assume that A is an algebra over a field K with identity element e. Assume 
furthermore that there exists an invariant bilinear form f on A, that is, f is a 
non-singular bilinear form defined on A with values in K such that 


(3) f(xy, 2) = f(x, yz) (x, y,2 € A). 


This is equivalent to the assumption that A is a Frobenius algebra (2). 
If g is a second invariant bilinear form on A, then 


(4) g(x,y) = f(x, ye) 
with c a unit of A (2). 
Let a,...,@, be a basis of A over K, then 
(5) fu Gs) = bi; = f(G;, a4) 
defines two dual bases d;,..., 4, and @;,...,4, of A which coincide if and 
only if A is symmetric. Simple computation using (3) shows that, for a € A, 
(6) a@ = si; ay, S43 € K, if and only if ad, = Dass, 
while 
(6’) aa; = Lagss, by € K, if and only if a, a= > bij G;. 


Using (5), (6) and (6’) we verify that, fora € A, 
c,(a) = Ldga, = Lagé, 
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is an element of the center Z of A, independent of the choice of basis a;,..., @a, 
and that c, is a Z-homomorphism of A into Z. In particular c,;(A) is an ideal 
of Z. c; can be referred to as the Casimir cperator determined by f (2). 

If g is an invariant bilinear form related to f by (4) then clearly 


cs(a) = c,(ca) (a € A). 
Hence ¢;(A) is independent of the choice of invariant bilinear form f, and we 


can write c;,(A) = c(A). 


THEOREM 1. Each of the following conditions is necessary and sufficient for 
an algebra A with identity element e to be separable. 


(i) A is a Frobenius algebra such that c(A) = the center of A. 


(ii) Corresponding to a basis a;,..., a, of A there is a set of elements G,... , I 
of A such that 
(7) daa, =e€ 


and such that, fora € A, 
(8) Aa = DosijQy, Sey € K, implies ad, = Sass 4. 


We note that some time ago Hochschild (3, Theorem 5) established the 
equivalence with separability of a slightly different form of Condition (ii). 


Proof of Theorem 1. Separability implies (i): If A is separable, there exists a 
finite extension E of K such that Ag is isomorphic with a direct sum of full 
matrix rings over E, 

Ag™ D°Ena- 
For a basis of Ag over E choose the matrix units e*,, of the Exe). Then 
F(A ty Ons) = Sapb ib 


defines a symmetric invariant bilinear form f* on Ag. In fact f*(x, y) = S(xy), 
where S is the reduced trace on Ag (1, p. 33). For the dual basis of Ag deter- 
mined by f* we have 
C4 = CO 54 
Setting b* = >} e*,, we can verify that 
cye(b*) = ¥ eyb*e%,, = I. 


Now f* induces an invariant bilinear form f on A. The existence of an element 
b € A such that c,(b) = e is seen to be equivalent to the existence in K of a 
solution of a system of linear equations with coefficients in K. What we have 
proved above implies that these equations have a solution in E, hence they 
already have a solution in K, proving that such an element b € A exists. 
Since c;(A) is an ideal of Z, this proves that c(A) = c,(A) = Z. 

It is clear that (ii) is a consequence of (i). 
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(ii) implies separability. Let = be a representation of A in an extension F 
of K (with Z(e) = J), and consider a reduction 


x .|T ¢ 
be A 


of 2. Here I and A are representations of A in F and ¢ is a linear mapping 
of A into the vector module over K of all n X m matrices with coefficients 
in F, where m, m are respectively the degrees of I and A, and ¢ satisfies the 
identity 


(9) (xy) = T(x) o(y) + o(x) Ay) (x,y € A). 
Let a), ...,@, be a basis of A, and assume the existence of a set of elements 

a,...,@, as in (ii). From (9) we have 

(10) I'(a,) ¢(a,) = ¢(a,a;) — (a,) A(a;). 

Multiplying (10) on the left by I'(@,), summing over i, and making use of 

(7) and (8) we obtain ¢(a,) = ['(a,;) T — TA(a,), (j = 1,...,), where 


T = >-T(@,) ¢(a,). It follows that 


aU TL" sl" T-[" 8] 


proving that = is completely reducible, and consequently that A is separable 


i] 


3. The generic cocycle. In order to study the ideal J(G) of g defined in 
§1 we adapt a method of Hochschild (3, §4). By P = P(G) we denote the 
product © @g G, with operators defined as follows 


(wf @ n) = of @n 
(¢ @ n) w = (F @ qw) — (fn @ w) (w € @). 


P is a two-sided @-module as we are using the term except for the fact that e 
does not act as the identity operator on the right. But we may of course 
define Z(P), B(P), H(P) and I(P) as for ordinary two-sided G-modules. 
The generic 1-cocycle is the element F € Z(P) defined by 


F(w) =e Q@w (w € @). 
Lemma 1. I(G) = I(P) = I(F), where I(F) = {dX € glAF € B(P)}. 


Proof. Clearly I(P) C I(F). If now T is any two-sided G-module and 
f € Z(T), the g-homomorphism yu, of P into T defined by 


uy: (§ @ n) =f. f(a) 
is seen to commute with the operators of G on the left and on the right, and 
furthermore Fu, = f. Consequently for \ € g, AF € B(P) implies \f € B(T), 
that is, J(F) C I(T). Since this holds for all T, 7(F) C I(G). On the other 
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hand, P’ = Pe is an ordinary two-sided G-module so that 7(@) C I(P’), 
and, since H(P) ~ H(P’), I(P) = I(P’). We have 
I(P) € I(F) € I(@) C IP) 

proving the lemma. 

Using this characterization of J(@) it is straightforward to verify 

LemMA 2. If 0 = K or 0 = the ring of all elements of K regular with respect 
to a given finite set of prime ideals of 0 then I(oG) = oI (@). 

Moreover we can prove 

Lemma 3. If @ has a linearly independent g-basis w, ... , w,, then I(@) = 
the totality of elements  € g which can be written in the form = >, where 
the elements &, € @ are such that for w € @ 
(11) wo = Durgos, wy € K implies wo, = Dom, 


Proof. By Lemma 1, A € J(@) if and only if AF € B(P), that is, if and 
only if there exists an element u € P such that AF(w) = wu — uw for all 
w € @. We can write u uniquely in the form u = )°&, @ w,, &, € G, and 
hence 


(12) A @ w = Liwd; @ wo, — La; @ ow + Law; @ w. 

Putting w = e in (12) we obtain A = }°Gq,, hence (12) reduces to 
Lows, @ ow; = La, @ wow 

from which we readily deduce (11). 


Now we obtain the theorem which is our generalization of Maranda’s 
Theorem 1 in (4), namely 


THEOREM 2. J(G) + 0 if and only if A is separable. 


Proof. Taking @ = A in Lemma 3 and applying (ii) of Theorem 1 we have 
that A is separable if and only if J(A) = K. But by Lemma 2, J(A) = KI(@), 
so that the theorem follows. 

The reader of Maranda’s papers (4) and (5) will now see that it is only 
necessary to replace the ideal generated by the group order N by the ideal 
I(®) in order to carry over Maranda’s results to orders in separable algebras. 


4. Construction of /(G). Let us assume that there exists an invariant 
bilinear form f on A. In order to construct J(G) we proceed as follows. We 
denote by G, the inverse different corresponding to f, 


(13) G, = {a € Alf(G,a) C g}. 
The different 4,(G) is defined by 
(14) F,(G) = {a € A|Ga CG}. 
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Notice that in case @ has a linearly independent g-basis w:,...,,, and 
f(ws, @;) = 54;, the elements 4;,...,, constitute a g-basis of G,, so that 
a € S,(G) if and only if da € G (i= 1,...,n). 

If now o = K or o = the ring of all elements of K regular with respect to a 
finite set of prime ideals of 0 we can readily verify that (0G), = oG,, and 
hence 


Lemma 4. %,(0G) = 0-%,(G). 


We remark that (13) and (14) are not symmetric. Using our assumption 
that g is a Dedekind ring, it is easy to prove that when f is symmetric the four 
possible definitions obtained by interchanging left and right in (13) and (14) 
produce the same -%,(@). 

Now we obtain J(G), namely, putting 


D®) = ¢4(B)) 


we can prove 
THEOREM 3. If f is an invariant bilinear form on A then 
I(G) = DG) 4. 
LemMA 5. D,(G) (\ gq ¥ 0 if and only if A is separable. 


Proof. By (i) of Theorem 1 and the definition of D,, A is separable if and 
only if DA) = Z, ie., DA) O\K = K. By Lemma 4, DAA) OK = 
K[D,(G) Cg], so that the lemma follows. 


Proof of Theorem 3. We proceed first under the assumption that G has a 
linearly independent g-basis w, . . . , #,. In this case it is clear from the defini- 
tion of D, and from Lemma 3 that D,(G) (\g C I(@). 

If on the other hand A € J(@), then \ = }°é, as in Lemma 3. Consider 
the linear endomorphism oa of A defined by o: &; @ &;, where f(w;, @;) = 84;. 
For w € G, ww = Dus, with wy, € g. Then by (6), wa; = Lam,,, hence 
by (11), ¢: wa; Doms, = wa, = w(S,c), proving that ¢ is a G-endomor- 
phism, and hence an A-endomorphism, of A considered as a left A-module. 
Thus ¢@ is effected by right multiplication by an element c € A, and &; = a; 
c € Gsothatec € I-1,(@). Hence A = dm, = Da, c wo; € D,(G), proving 
that J[(G) C D,(G). The desired equality is now proved in this case. 

We now drop the assumption of the existence of a linearly independent 
g-basis for G. By Theorem 2 and Lemma 5, J(G) = D,(G) (\g = 0 if A is 
not separable, while if A is separable, 7(G) ~ 0 and D,(G) (\g # 0. In the 
latter case let us denote by o the ring of all elements of K regular with respect 
to all the prime divisors of 1(G) and D,(G) (\ gq. Since 0 is a principal ideal 
domain the o-order has a linearly independent o-basis. Hence, by Lemmas 2 
and 4 and the case of our theorem proved above 


ol (G) = I(oG) = D,(oG) 1’ 0 = o[D(G) Cg]. 
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It follows from the choice of 0 that J(G) = D,(G) (\ g, completing the proof 
of our theorem. 


For an example, let us suppose that @ is the group ring of a finite group of 
order N. An invariant bilinear form f on A is defined by 


F(g, A") = Son (g, k group elements). 
Then G, = G, 1(G) = DAG) Og = cfG) Ng = Nog. 


REFERENCES 


1. M. Deuring, Algebren (Berlin, 1937). 

2. D. G. Higman, Induced and produced modules, Can. J. Math., 7 (1955), 490-508. 

3. G. Hochschild, On the cohomology theory for associative algebras, Ann. Math., 47 (1946), 
568-579. 

4. J.-M. Maranda, On the p-adic integral representations of finite groups, Can. J. Math., 6 
(1953), 344-355. 

, On the equivalence of representations of finite groups by groups of automorphisms of 

modules over Dedekind rings, Can. J. Math., 7 (1955), 516-526. 


5. 





Montana State University, 
Missoula, Montana 











ON THE EQUIVALENCE OF REPRESENTATIONS 
OF FINITE GROUPS BY GROUPS OF AUTOMORPHISMS 
OF MODULES OVER DEDEKIND RINGS 


J.-M. MARANDA 


1. Introduction. Let i be a Dedekind ring whose quotient field we denote 
by K. If p is a prime ideal of i, let 0 denote the ring of all p-regular elements of 
K. If M is a torsion free i-module, let KI denote the smallest K-module into 
which J? can be embedded and let ot denote the o-submodule of KM genera- 
ted by M. 

Let @ be a group of finite order N and let A, D and & denote the group 
rings of G over K, o and i respectively. 

If M is an Y-module which is torsion free over i, then there is a unique 
way of defining KM (oM) as an A-module (O-module) so that it is an extension 
of the $-module M. If M and MN are two %-modules that are torsion free over 
i, we will say that I and M are 

(1) i-equivalent if they are $-isomorphic; 

(2) K-equivalent if KM and KM are A-isomorphic; 

(3) o-equivalent if oP and o— are O-isomorphic; 

(4) of the same genus if they are 0-equivalent for every prime ideal p of i. 

Let S be a class of K-equivalent $-modules that are torsion free and finitely 
generated over i. We will assume that © is complete in the sense that if an 
$-module M is K-equivalent to an $-module in G, then M2 is i-equivalent to 
an $-module in ©. Let R, R(p) and KR, denote the partitions of S into com- 
plete subclasses of i-equivalent $-modules, 0-equivalent $-modules and $- 
modules of the same genus respectively, and let r, r(p) and r, denote the 
number of subclasses of S determined by ®, R(p) and MR, respectively. 

We will show first of all that if p;,..., p, are the prime ideal divisors of N, 
then 


R, = fn Rp.) 
and that 


i,= I r(p,). 


Secondly, we will show that if for every %-module I € GS, the representation 
of A belonging to KM is abolutely irreducible, then r = hr,, where h is the 
ideal class number of i. In the case where i is the ring of algebraic integers of 
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an algebraic number field K, then h is finite, and we will show that each r(p,) 
is finite, so that r is also finite. 

In §2, we will speak in terms of matrix representations of G. This will not 
constitute a restriction, since in this section we will speak of representations 
of @ over principal ideal rings. 


2. Integral representations of finite groups over fields with -adic valuations. 
Let & be a group of finite order N and let 0 be a commutative ring with unity 
element. By an 0-representation of @ of degree nm, we mean a homomorphism 
of T of G into the multiplicative semi-group of all m X nm o-matrices which 
maps the identity element of G onto the identity matrix. We will denote the 
image by I of any x € @ by I,. 

If R is a commutative extension ring of 0, then two o-representations 
and A of @ will be said to be R-equivalent if they are of the same degree n 
and if there is an invertible m X m R-matrix T such that T,7 — TA, = 0 
for allx € G. If the o-representation T of G is 0-equivalent to a representation 


of the type 
68) 
0 IY 


where I” and I” are o-representations of G, then we say that I is reducible; 
otherwise, we say that I is irreducible. 

Let K be a field of characteristic zero with a f-adic valuation ¢, that is, 
¢ is non-archimedean and discrete of rank 1, and the residue class field deter- 
mined by ¢ is of finite characteristic. If K is complete with respect to ¢, then K 
is said to be a $-adic field. Let 0 denote the ring of integers of K, i.e., the set of 
all elements with values <1, let denote the prime ideal of 0, i.e., the set of all 
elements with values <1, and let p be a generator of $. In general, we will 
denote the complete extension of K with respect to ¢ by K*. The ring of 
integers of K* will be denoted by o* and its prime ideal by $*. Let $** be the 
highest power of $ dividing N. 

For completeness, we will state some theorems obtained previously by the 
author, and refer the reader to (2) for the proofs. 


THEOREM 1. Jf IT and A are two o-representations of @, then T and A are 
o-equivalent if and only if the *-modular representations T and A, induced by 
I and A respectively, are (0/*)-equivalent, for any k > ko. 


For the proof, we refer the reader to (2, p. 347). Although in the paper 
referred to one is only concerned with the case where K is complete, it is 
obvious that this condition is not essential for this theorem. The argument 
applied is due to Schur (3). 


Coro.Liary 1. I and A are o*-equivalent if and only if they are 0-equivalent. 


Proof. Assume that T and A are o*-equivalent, i.e., that I and A are of the 
same degree m and that there is an m X n o*-matrix T such that T,7 — TA,=0 











518 J.-M. MARANDA 


for all x € G, and that |7| ¢ $*. Let 7’ be an o-matrix congruent to 7, 
modulo $**. Such a matrix always exists since (0/f*) > (o*/$**). Then 


r,7’ — T’A, = 0 (mod $*) 


for allx € @ and |7"| ¢ B. Taking k > ko, by Theorem 1 I and A are 0-equi- 
valent. 


Coro.ttary 2. Jf (0/8) is a finite ring, then any class of K-equivalent 
0-representations of © contains only a finite number of complete subclasses of 
0-equivalent representations. 


Proof. From Theorem 1, the number of classes of 0-equivalent 0-representa- 
tions of G of a given degree is less than or equal to the number of classes of 
(0/$*)-equivalent (0/$*)-representations of G of the same degree, for any 
k > ko, and if (0/$*) is a finite ring, this number is evidently finite. 


THEOREM 2. If N ¢ $B, and if the o-representation T of G is 0-equivalent to a 
representation of the type 


where I’ and 1” are 0-representations of G, then T is 0-equivalent to the represen- 
tation 


For the proof, see (2, p. 353). The remarks made after Theorem 1 also apply 
to this theorem. 


THEOREM 3. If K is complete, if D is an 0-representation of & and if D is 
0-equivalent to a representation of the type 


or (7; Ae) 
p*0, Az 


where T and A induce [*-modular representations of © and where k > 2ko, then 
D is 0-equivalent to a representation of the type 


where T* and A* are 0-representations of © that coincide with T and A respect- 
ively, modulo $*—**. 


For the proof, see (2, p. 348). 


Coro.tiary. If K is complete, if N ¢ $, if T and A are irreducible 0-repre- 
sentations of © of degree n and if T is a non-zero n XK n 9-matrix such that 
r.T — TA, = 0 for all x € G, then T = p"T’, where T’ is an o-matrix and 
I7"| ¢ B. 
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Proof. Since N ¢ $, by Theorem 3, the B-modular representations f and 
A induced by I and A respectively are irreducible. Let p” be the highest power 
of p dividing all the entries of T and let T = p"T”’. Surely, 


rT’ — T’A, = 0 (mod $) 


so that by Schur’s lemma, T” is non-singular, modulo §, since p does not 
divide all the entries of T’, i.e., |T’| ¢ $B. 


THEOREM 4. Jf N ¢§, then two o-representations T and A of © are K- 
equivalent if and only if they are 0-equivalent. 


Proof. Let us assume that T and A are K-equivalent and let us first suppose 
that K is complete. If A is irreducible, by (5, p. 283) I is also irreducible, 
so that the statement follows from the Corollary to Theorem 3. If A is reducible, 
by Theorem 2 we may assume that 


_ we) 
a-( A> 


where A; and A; are o-representations of @. Since [' is K-equivalent to A, 
by (5, p. 283) and by Theorem 2, I is 0-equivalent to a representation of the 


2 


where I’; and I; are 0-representations of @ that are K-equivalent to A; and 
A: respectively. If we use induction with respect to the number of irreducible 
constituents of A, the K-equivalence implies the 0-equivalence of ['; and Tl, 
with A; and A; respectively, so that T and A are 0-equivalent. 

Now, if we consider the general case, where K is not necessarily complete 
if T and A are K-equivalent, then we have just seen that they are o*-equivalent, 
so that by Corollary 1 to Theorem 1 they are 0-equivalent. 


Corottary. If N ¢ $8 and if D is any o-representation of G, then in any 
reduction of D into irreducible constituents, these constituents are unique up to 
order and 0-equivalence. 


Proof. Let 
rT, * Ai * 
rT: eee and Bese 
0 fT, 0 A, 


be two reductions of D into irreducible constituents. Then, by (5, p. 283), 
the I, and A, are also irreducible when considered as K-representations of ©. 
Therefore r = s and there is a permutation 4,, 72, . . . , 1, of the indices 1, 2,..., 
rsuch that, for j = 1,2,...,7, T', is'K-equivalent to A,,. Then by Theorem 
4, T, is 0-equivalent to A,,. 
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3. On modules over Dedekind rings. Let i be a Dedekind ring, so that i is 
an integral domain and every non-null fractional ideal of i is invertible, and 
let K denote the quotient field of i. 

Whenever we consider an i-module I, we will always assume that l.u = u, 
for all « € Mt. If M is an i-module, the set of all a € i for which au = 0 for 
all « € M is an ideal of i which we will call the annihilator of M. 

We define the order ideal' of a finitely generated i-module J? as follows: 
If M contains an element without torsion, then its order ideal is null, while if 
M is a torsion module, its annihilator a is non-null, and since both chain 
conditions hold for the integral ideals of i that contain a, Jt has a composition 
series and its order ideal is the product of the annihilators of its composition 
factors. 

If R is an i-submodule of M, since the ascending chain condition holds for 
the integral ideals of i, N is also finitely generated. We denote the order ideal 
of M/N by (M: N). From the definition, it follows immediately that (M: O) = 
(M: RN) . (MR: O) and that (MPM: O) is contained in the annihilator of M. 

Let o denote the ring of all elements of K that are regular with respect to 
each element of a finite set of prime ideals of i. The ring 0 is a Dedekind ring, 
indeed a principal ideal domain, and its ideals are just those that are generated 
over 0 by ideals of i. 

If M is a torsion free i-module, let KI denote the smallest K-module into 
which QM can be embedded and let oP denote the o-submodule of KM gene- 
rated by Mt. From the definition of the order ideal, one can verify that if N 
is an i-submodule of M, then (oPt: oM) = o(M: RN) and (KM: KN) = 
K(M: N). 


LemMA 1. If Mt is a finitely generated torsion free i-module and if a is an 
integral ideal of i, then (It: aM) = a”, where m is the rank of M (dimension of 
KM). 


Proof. lf a = 0, then the statement is trivially true so that we may suppose 
that a ¥ 0. Let us assume that 0 is the ring of all elements of K that are regular 
with respect to each of the prime ideal divisors of (QM: aM) and a. 

Since 0 is a principal ideal domain, of has a linearly independent basis 
Uj,..., Um Over 0, so that 


om = > OU ;. 


tml 


Then 
(oa) . (o®) = >> (oa)u, 


1For a general definition of the order ideal of a finitely generated module over a commutative 
ring with unity element, see (6, chap. III, §3 and §5). Using the fundamental theorem of 
Steinitz on modules over Dedekind rings (4, and also e.g. 1), one may show that this general 
definition is equivalent to the one given above in the case of modules over Dedekind rings. 
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and 


oM = Ou, 


(oa) . (ot) ~ X (0a)u 
Therefore, o(Dt: at) = (oMt: (oa) . (oMt)) = (oa)™ = oa”, and because of the 
choice of 0, (Mt: aM) = a”™. 

If M and N are torsion free i-modules, and if T is an i-homomorphism of M 
into RN, then JT may be extended to a K-homomorphism of KM into KR in a 
unique way by the following definition: T(u/a) = (T(u))/a for all u € M, 
and all a € i, a = 0. Of course, T induces an 0-homomorphism of o¥ into 
o§ so that we may think of the i-module & of all i-homomorphisms of I into 
M as embedded in the o-module &y of all o-hormomorphisms of o® into of, 
which in turn is embedded in the K-module 2x of all K-homomorphisms of 
KM into KN. One can easily verify that {x = KY and that &p = o&. Now let 
us assume that I? and M are finitely generated over i. For each T € &%, we 
define the determinant ideal 6(T) of T to be (M: T(M)). 

If 59(T) and 5x(T) denote the determinant ideals of T considered as an 
element of of and KY respectively, then we have 59(7) = 08(7) and x(T) = 
Ki(T). Evidently, T(M) = N if and only if 6(T) = i, and if M and M have 
the same rank, T is biunique if and only if (7) # 0, so that in this case, T 
is an isomorphism of J2 onto MN if and only if 6(7) = i. Furthermore, it 
is easily seen that in the case where J% and MR have the same rank, 
59(T) =o. |T| and 6g(T) = K.|T}. 


LemMA 2. If T; and T; are in %, if 
T, = T: (mod a) 
where a is an integral ideal of i, and if 6(T:) + a =i, then 6(T:) +a = 1. 


Proof. We may evidently exclude the case a = 0 where the statement is 
trivially true. 

Since 6(7;) +a =i, N= iN = 6(T)N+ aM C 7Ti(M) + aM, so that 
N = 7,(M) + aN. But 





(direct sum). 


T, =T: (mod a) 


means that 7,(M) + aM = 7.(M) + aR, so that MR = 7.(M) + aN. Let us 
assume that o is the ring of all elements of K that are regular with respect to 
each of the prime ideal divisors of a. We have o3 = 72(oMt) + (0a) (oN). 


Since 0 is a principal ideal domain, there is a basis u,..., u, of o— over 0 
such that aj;%;,..., @n%, is a basis of T2(oPt) over 0, where the a, are in o. 
Then 


oN = Dy (oa + (ay))uy 
so that oa + (a,) = o for i = 1,2,...,. But since 


oN - Ou, 


~~ 


T2(oM) =2 Oa u; 








(direct sum), 
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59(T2) = Oaj02...Q,, SO that 0(6(T2) + a) = 59(T2) + oa =o. Then, be- 
cause of the choice of 0, a + 6(T2) = i. 


4. Representations of finite groups over Dedekind rings. Let A be an 
algebra with unity element, of finite dimension over K, let $ be an i-order of 
A and let D = 0. 

We propose to study representations of $ by rings of i-endomorphisms of 
finitely generated torsion free i-modules, that map the unity element of $ 
onto the identity transformation, i.e., we propose to study $-modules that are 
finitely generated and torsion free over i. 

If M is such an Y-module, then there is a unique way of defining KM and 
o§ as an A-module and an O-module respectively so that they are extensions 
of the $-module M, explicitly, by setting (a/a)(u/8) = (au/af) for all 
a € $,allu € Mand alla, B €Ci,axKx0 ¥ 8. 

Two $-modules I and N will be said to be i-equivalent if they are $-iso- 
morphic; they will be said to be K-equivalent if KP and KM are A-isomorphic 
and 0-equivalent if of and o— are O-isomorphic. 

Let © be a class of K-equivalent $-modules, complete in the sense that 
if an $-module M is K-equivalent to an $-module in S, then M? is i-equivalent 
to an $-module in GS, and let m denote the common rank of the i-modules in 
S. Let R denote the partition of S into complete subclasses of i-equivalent 
$-modules, and if 0 is the ring of all elements of K that are regular with respect 
to each of the prime ideals p,,..., p, of i, let R(pi, . . . , p-) denote the parti- 
tion of S into complete subclasses of o-equivalent $-modules. Finally, let 
r and r(p;,...,),) denote the number of subclasses of S determined by ® 
and R(pi,...,),) respectively. 


THEOREM 5. If M and N are two Y-modules in S, then 
M=N (mod R(pi,..., p,)) 


if and only if there is an 3-homomorphism T of Minto N for which 6(T) + p, =i 
Pore ee 


Proof. Since M and MN have the same rank, 
M=_N (mod Rip, ..-, p,)) 


if and only if there is an O-homomorphism T of o§ into oM for which (o%: 
T(oM)) = o, and we may evidently assume that T maps M into N. But it is 
also evident that T is O-admissible if and only if it is S-admissible, when 
considered as a mapping of MM into M, and since 59(T) = (oN: T(oM)) = 
o(M: T(M)) = 08(T), 59(T) = oif and only if (7) + p, = iforz = 1, 2,...,7. 


THEOREM 6. If each prime ideal ),, ..., p, is different from each prime ideal 
G1, -- +» 4s, then 


Tees « « + o Bee Gano + 2 Ge = R(pi,..., Pe) OV Req, ... 5 Gs) 








~ 
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Proof. It is clear, from the preceding theorem, that 


Ta, - - » » Bev Qto oo 0 Ge) = R(pr,..- Pr) MV R(qa, ... » es) 
Suppose that Jt and NM are Y-modules in S and that 
M = MN (mod R(pi,..., Pr) HV R(qa, .. - » Gs)) 


This means that there are $-homomorphisms 7; and 7; of M into M for 
which 


6(71) + DP = i(i = ee 5(T>2) +q,= i Gj = er * 
Since pipe... , is relatively prime to qige...q,, we may set 1 = a; + az, 
where a; € Pipe... p, and az € qiq2...q,. Then if we set T = ayT2 + ae73, 


T is an $-homomorphism of M into MN, and furthermore, if 2 denotes the 
i-module of all $-homomorphisms of J into N, 


T= Ti (mod Dido... p,%), T= T2 (mod 4192... 42%), 
so that by Lemma 2, 


a(T) + p, = i (¢ = 1,2,...,7), 5(T) +4, =i 
(j = 1,2,...,5). 
Therefore 
M = MN (mod R(pi,..., Pr» Gu +--+ Ge)) 


THEOREM 7. Jf M and N are Y-modules in S, and if each prime ideal 


Pi, ..., Py a8 different from each prime ideal qy, . . . , Gy, then there is an %-module 
M’ € S such that 
M = M’ (mod R(pi,...,p,-)), Me’ = RN (mod Ria, ...,4,)). 


Proof. Since M and N are K-equivalent, there is an A-isomorphism T of 
KM onto KN, and we may evidently assume that T maps M into N. 

Let o be the ring of all elements of K that are regular with respect to the 
prime ideal divisors of 6(T) = (M: T(M)). 

Since 0 is a principal ideal domain, there is a basis u;,..., %m of oM such 
that ay%1, . . . , &mUm is a basis of T(oM), where the a, are in 0, and furthermore, 
since T is non-singular, 59(T) = odaiaz. . . am * 0. We may even assume that 
the a, are in i. 

Let oa, = B,C,, where the B, and GC, are integral ideals of 0 such that 
S.+C€,=0, B,+o0p,=0 and €,+o0q=0 for i=1,2,..., m, 
j=1,2,...,r and k = 1,2,...,s, Let B denote the intersection of the B,. 
Then since 


O(B'T(oM)) = BV" (OT (oM)) C BT (oM), 


B-'T (oM) is an O-module. 
Let M’ = N\B-'T(oM). Then MPM’ is surely an S-module, and since 


oM’ = oN 1) B'*T(oM) = DY (0M Bau, 
i=—1 
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oM’ has the same rank as o¥ so that DP?’ has the same rank as 9 and therefore, 
M’ is an Y-module in S. But since 6B;-' + C, = 0, Bas" + 0 = C;"', so 
that Ba, (\o0 = ©, and therefore 


oM’ = >> Cu, 
i=1 


Since T(M) C M’, T may be considered as an $-homomorphism of JM into PY’ 
whose determinant ideal is (M’: T(M)). But o(M"’: T(M)) = (oM’: T(oM)) = 
B,8....%, so that 


o((De’: T(M)) + ps) = o(M’: T(M)) + op, = BiB.... Bp + op, = o, 
and therefore, because of the choice of 0, 
(MY: T(M)) + py =i 
and this for 7 = 1, 2,...,r7. Therefore 
M = M’ (mod Rip, . - - , Pr) 


Furthermore, the determinant ideal of the identity mapping of QP’ into N 
is (MN: M’) and since 


o(M: M’) = (oM: oM'’) = CG... . Tn, o((M: Me’) + ae) 
= @,G:... C,, + 04, = 0 
so that by the choice of 0, 


((N: M’) + ae) = i, a) * 7 ° 
and therefore 


M’ = MN (mod R(qi, ..-, G,)). 


COROLLARY. 


r(p, se » Dry G1, | q:) - r(p, re | p,).r(qi, | qs) 
Theorems 6 and 7 may evidently be extended by induction so that 


Rp...» Pe) = A (1) 


and 
r(pi,..-,Pr) = I] r(p,) 


DEFINITION. Two 3-modules M and N will be said to be of the same genus* 
if M and N are o-equivalent for every ring o of all elements of K that are regular 
with respect to a single prime ideal of i. 


*We could say that Jt and Mt are of the same genus if the corresponding representations are 
unimodularly equivalent over all J8-adic extensions of K, but because of Corollary 1 of Theorem 
1, this is equivalent to the above definition. 
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Let ®, denote the partition of S into complete subclasses of {{-modules of 
the same genus. Then, by definition, 


R, = q R(p) 


where the intersection extends over all prime ideals p of i. Let r, denote the 
number of subclasses of S determined by ®,. 

From now on, we will assume that A, © and § are the group rings of the 
finite group © of order N over K, o and i respectively. 

Let pi, ..., ), be the prime ideal divisors of N in i. By Theorem 4, we know 
that if p does not divide N and if 0 is the ring of all p-regular elements of K, 
then two 3-modules are 0-equivalent if and only if they are K-equivalent, so 
that in this case, R(p) determines only one subclass of S, namely © itself. 
Therefore 


R, = N Ri.) = Rp... Pr), r= I] r(o. 


Now let a be a non-null integral ideal of i and let J? be an Y-module in S. 
Since Y¥(aM) = a(IM) CaM, aM is an Y-submodule of KM, and since 
at has the same rank as J, at € S. Then there is a non-null integral 
ideal 6 of i such that ab = (a),a € tia #0 and 6b + (N) = i. The function 
T mapping each u € J onto au is an Y-homomorphism of M into aP and 
since 

(M: aM) = (Mi: aMt) (aM: aM), a® = a" .3(T), 
so that 6(7) = 6” and therefore 
M = aM (mod R,). 


Now let us assume that the $-modules J? € S are such that the representa- 
tions of A belonging to KM are absolutely irreducible. Let Mt and M be two 
%$-modules in S and suppose that 


M = RN (mod R,). 


This means that there is an $-homomorphism T of M into N for which 
5(T) + (N) = i. Let 

8(T) = qi'q?... af 
be the decomposition of 5(7) into prime ideals in i. Since the representations 
of & belonging to KM and KM are absolutely irreducible, they are irreducible 


over the f-adic extensions of K determined by the q,, so that by the corollary 
to Theorem 3, each f, is divisible by m and 


T € qi”. 
If we set 
b = on > Ye oe ee” 
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we have T € bf and 6(T) = 6”. Therefore T(M) C bR and since 


b™ = 6(T) = (M: T(M) = (M: HN) (6N: T(M)) = b"(bN: T(M)), 
(6M: T(M)) = 4, 


so that T(M) = bR. 

Let S’ be a complete subclass of S determined by ®, and let M be an 
$-module in SG’. By the preceding argument, we may assume that ©’ just 
consists of all the $-modules bY? where 6 is a non-null integral ideal of i. 
If 6 and 6’ are two such ideals of i and if 6 and b’ are in the same ideal class, 
then there is an a € K, a # 0 such that the mapping 8 — af, for all 8 € 5, 
is an i-isomorphism of 6 onto 6’. Then it is easily seen that the mapping 
u— au, for all u € bM, is an J-isomorphism of bY onto b’M. 

Conversely, if T is an $-isomorphism of bY? onto b’M, since the representa- 
tion of A belonging to KM = KbM = Kb’M is absolutely irreducible, it 
follows that T multiplies each element of bY by some scalara € K,a # 0, s0 
that 6b’ = abM and therefore, b’ = ab, i.e., 6 and b’ are in the same ideal 
class. 


THEOREM 8. If each 3-module It € S is such that the representation of A 
belonging to KI is absolutely irreducible, then r = hr,, where h is the number 
of classes of isomorphic ideals of i. 


If i is the ring of algebraic integers of an algebraic number field K, then h 
is finite and also, since each integral ideal of i has a finite index in i, by Lemma 
2 of Theorem 1, each r(p,) is finite, so that if © satisfies the condition of 
Theorem 8, the number 


r= bII re.) 


is finite. 
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NOTE ON A MATRIX THEOREM OF A. BRAUER 
AND ITS EXTENSION 


L. S. GODDARD 


1. Introduction. In one of his papers on limits for the characteristic roots of a 
Matrix, Brauer (1) has stated a theorem, which connects the roots of a given 
square matrix A, with those of a matrix A* derived from A by a certain 
process. The proof of this theorem involves a continuity argument and in a 
recent paper on the construction of stochastic matrices Hazel Perfect (5) 
has given a proof which avoids considerations of continuity. However, her 
proof, involving several multiple derivatives (not with respect to the elements 
of the matrix), is unnecessarily heavy, and in the present note I give a proof 
which is simple, short and avoids both continuity and differentiation. 

Two extensions of Brauer’s theorem are then considered. In each matrix 
A* is of the form A* = A + XK’ where X is an nm X r matrix (nm being the 
order of A) whose columns are latent vectors of A, and K is an arbitrary 
nm Xr matrix. These extensions arise according as the columns of X are 
associated with the same latent root of A, or different roots. 


2. Brauer’s theorem. In what follows, symbols in bold type represent 
column vectors. A row vector is represented by an attached prime, which is 
also used to denote the transpose of a matrix. The unit matrix is denoted by J. 
Brauer’s result may be stated as follows: 


THEOREM 1. Let the square matrix A of order n have latent roots di,....Xs 
with multiplicities m,,...,m,; let x be a latent column vector of A associated 
with the root d;, and let k be an arbitrary column vector. Then the matrix A* = A + 
xk’ has latent roots \; + k’x,d3,..., 4, with multiplicities 1, m, — 1, mo,..., my. 


Proof. We have 
lA — A| = J] (A—aQ™ 
t=—1 
and also Ax = \x. Now, since xk’ is of rank 1, we have 


|AI — A*| = |AT —A — xk’ 


n 
= |AT — A| —_ ; k,|au, . » +» Bet, X, Agyi,.-- » a,|, 
t= 
where, in the last determinant, we have written a;,..., a, for the columns of 


IT — A. 
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If we write A,,(A) for the co-factor of the (i, 7)th element of AJ — A, we 
have 


lar — A*| = jar—Al— De kids #A x:(0). 
— ee — 


Now A ;,(A) is the (7, 7)th element of adj(AJ — A). Also, from the well-known 
identity 
adj(AJ — A). (AI — A) = [AJ — All, 
it follows at once that 
(A — Ay) adj(AJ — A) .x = |AJ — Alx. 
This gives 
DY Ay (Ax, = x,F(A) @ = ee  : 
j=l 
where F(A) = |AJ — A|/(A — A). Hence 
|AI — A*| = |AI — A| — (k’x) F(A) 
{X — Aa — (k’x)} (A — Ar)™ "(A — Ag) ™.. . (A — A, )™ 


and this proves the theorem. 


3. Extensions. The effect of Brauer’s modification of the matrix A is to 
bring about a “‘splitting”’ of the spectrum of latent roots, the new root \,;+k’x 
differing from \, by an infinitesimal provided the elements of k are small 
quantities of the first order. It is a natural question to ask how far this splitting 
process may be carried, and consideration of this question leads to an extension 
of Brauer’s theorem. 

We begin with the well-known 


DEFINITION. Two square matrices A and B, of the same order n, are said to 
possess property P (the Frobenius property) if the characteristic roots of A and 
B, say a,...,@, and B;,...,8, may be so ordered that the characteristic roots 
of any polynomial f(A, B) are f(a;,8;) (¢ = 1,...,m). 

It is known (2; 4) that a necessary and sufficient condition that A and B 


possess property P is that the matrix AB — BA belong to the radical of the 
algebra generated over the base field by A and B. We shall prove 


THEOREM 2. Let A be a square matrix of order n and let B = XK’ where (i) 
Xis an n Xr matrix whose column vectors are characteristic vectors (independent 
or otherwise) of A associated with the same latent roct , (ii) K is an arbitrary 
n Xr matrix. Then A and B have property P. 


Proof. It is sufficient to prove that f(A, B)(AB — BA) is nilpotent for all 
polynomials f(A, B). Write N = AB — BA. Since the column vectors of X 
are all characteristic vectors of A associated with the root A, we have 


AX = XX. 
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Thus AB = (AX)K’ = \B, N = AB — BA = B(\I — A). It follows that 
N? = 0. 
Next, VB = 0 and, for the polynomial f(A, B), we have 


f(A, B)B = f(al, B)B, f(A, B)N = f(al, BN. 
Thus [f(A, B)N]? = [f(al, B)N]? = 0. 


We now use Theorem 2 to obtain an extension of Brauer’s theorem. Let X 
have rank s(s <r). Then B has at most s non-zero characteristic roots. 
Since A and B have property P and AB = )B the non-zero roots of B all 
associate with the root A of A. Now suppose the roots of B are w,..., ue 
(o < s, us # 0) and a zero root of multiplicity m — ¢; and let the roots of A 
be A, Au, ...,A, of multiplicities 7, m,..., m, respectively. Since the yu, all 
associate with \ we have o < r. Theorem 2 now leads to 


THEOREM 3. If A and B are the matrices occurring in Theorem 2 and f(A, B) 


is any polynomial in A and B, then f(d, u;)(t = 1,..., 0) are roots of f(A, B) 
and the remaining roots are f(A, 0), f(A1, 0),...,f(As, 0) with multiplicities 
T— o, M,..., mM, respectively. 


On putting f(A, B) = A + B and noting that the non-zero roots of XK’ 
and K’X are the same we obtain 


THEOREM 4. If A* = A + XK’, where X and K are as defined in Theorem 2, 


and if the non-zero roots of K'X are u1,...,te (© < 5s <1) then the roots of 
A* are ppt ACVi=1,...,0) and X, Aiy,...,A_ with multiplicities r — o, 
m,,..., m,respectively. 


Another extension of Brauer’s theorem is obtained by taking the columns 
of X to be latent vectors of A associated with distinct latent roots \;,..., a 
of A. By a proper choice of basis, that is, by a suitable similarity transformation, 
A and X may be simultaneously reduced to the forms 


_(a A:) . (“") 

A= fe A,/’ x= 0 

where A = diag(Ai1,...,A,) and J, is the unit matrix of order r. 
If K = (Ki, Kz) where K;, is of order r, we have K’X = K, and 


+h a oRD) 


From this there follows: 


THEeoreM 5. If A* = A + XK’, where the column vectors of then Xr 


matrix X are latent vectors of A associated with distinct latent roots dx, ...,X-+ 
of A, then the numbers «,..., €, are latent roots of A*, where «,..., €, are 
the roots of A + K’'X; also, every root of A* other then «,..., €, 18 a root of A, 


with the same multiplicity. 
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4. Matrices having the same characteristic equation. In Theorem 5 let 
K be such that 


K'X = PTP-', 


where P is a permutation matrix and T is a matrix whose elements ¢,, satisfy 
ty, = 0 for « <j or t,; = 0 for i > j, that is, T is lower or upper nilpotent 
triangular. Then 

A+ K’X = P(P“AP + T)P™. 


Now P-' AP is a diagonal matrix and the diagonal of T contains only zeros. 
Thus A and A + K’X have the same characteristic equation, and hence, by 
Theorem 5, A and A + XK’ have this property also. 

It is perhaps worth pointing out that this result follows from the following 
theorem proved recently (3). 


THEOREM. Let A and B be matrices of orders n and r, such that there exists 
ann X r matrix X, of rank r, for which AX = XB. If K is any n X r matrix, 
then the pair of matrices A, XK’ has property P if and only if the pair B, K'X 
has this property. 


In the case at hand we have AX = XA, that is B = A. Now if K’X = 
PTP- then A and K’X have property P, since P-'AP and T have this 
property. Hence by this theorem A and XK’ have this property. Since XK’ 
is nilpotent it follows that A and A + XK’ have the same characteristic 
equation. 

In conclusion, I wish to thank the referee for several suggestions leading to 
improved proofs of the various theorems. 
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SOME RESULTS ON THE ASYMPTOTIC BEHAVIOR 
OF LINEAR SYSTEMS 


M. MARCUS 


1. Introduction. We consider first in §2 the asymptotic behavior as t > 
of the solutions of the vector-matrix differential equation 


(1.1) & = {A + Bid)}x, 


where A is a constant m-square complex matrix, B(¢) a continuous complex 
valued n-square matrix defined on [0, ~), and x a complex n-vector. 

It is readily shown (4) that the asymptotic behavior of solutions to (1.1) 
can be made to depend on the functions \y{A + A* + B(t) + B*(é)} and 
Am{A + A* + B(t) + B*(t)} where A* = A’ and Ay, Am are respectively 
the maximum and minimum eigenvalues of the indicated Hermitian matrix. 
We recapitulate this brief calculation in §2. 

There are two types of theorems concerning (1.1) in the sequel: (i) A 
arbitrary with hypotheses on the eigenvalues of (A + A*); (ii) A triangular 
with hypotheses on the real parts of the eigenvalues of A. In both (i) and (ii) 
less than the absolute integrability of the functions B,,(#) is required 
(1, pp. 32-63). 

In §3 we discuss the behavior as t > © of solutions to the equation 


(1.2) & = {A(t) + B(A)}x, 


in which the entries of A(¢) are continuous complex-valued almost-periodic 
functions. The main result concerning (1.2) depends on a theorem of Favard 
which will be stated. In this case, however, it becomes necessary to assume 
the absolute integrability of all entries of B(?). 

We set 


ell? = 2 bed’ 


boundedness refers to this norm. Also let R(X) = (X + X)/2 and $(X) = 
(X — X)/2i. ||X||? = trace (XX*), a’ = transpose of a. We note the following 
two elementary results that are subsequently used: 

I. If X and Y are Hermitian n-square matrices then 
(1.3) A(X + VY) < Am(X) + Aw(Y), 


(1.4) Am(X + VY) > Am(X) + Am (Y). 
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This follows immediately upon noting that X 4- Y is Hermitian and 
Au(X + Y) 


max 2 (X + Y)z < max 2 Xz + max 2 Ys 
t=1 t=1 t=1 
Au (X) + Aw(Y), 


where ¢ = ||z||*. Similarly for (1.4). 
The following well-known device is due to O. Perron. 


II. If X has eigenvalues d1,...,»_ then for any « > O there exists a matrix 
D(c) similar to X such that Dy,(e) = d, and |D,,(6)| < € for i # j. 


For assume X is in Jordan form, set 








a 0 
€ 0 
H= 
a 
0 0 
and note that 
(x, € 0 eee 0 ' 
0. 
HXH = 
0 
e e € 
\o . 0 2,/ 


2. The equation (1.1). In discussing (1.1) we, of course, omit the trivial 
solution x(#) = 0. We assume that the starting time of every solution is tp = 


since any solution x(#) with starting time t > 0 may be continued over 
[0, to]. 


THEOREM 1. Consider (1.1) with A arbitrary. Assume 
(2.1) Au (A + A*) =o 
and there exists L such that t > L implies either (a): 
(2.2) 1 {max R{Bi(s)}ds < —4w 
0 t 
23) fib (Ids < ©, f"IS1BG) — BG) ulds < = 
for i # j, or (b): 


(2.4) 1 f (max 81B.(0) + Z [RBu(s)}| + S1B6s) ~ Bs) ul a 


< — 4w; 
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then in both cases every solution of (1.1) is uniformly bounded as t+ @. If in 
either (2.2) or (2.4) the left sides are bounded strictly below —4w, then every 
solution converges to0 ast — @. 


Proof. Taking the inner product on the left with x* in (1.1) we obtain 


(2.5) x*t = x*{A + B(t)}x 
and 


(2.6) C\el*=ee+ex =x (A +A’ + Bit) +B ())x. 


The matrix on the right in (2.6) is Hermitian for all ¢ and hence let U(t) be a 
unitary matrix reducing it to canonical form. The substitution x = U(t)z 
then yields 


||s||* = 2 diagonal \,{A + A” + B(t) + B’(t)}s 
- D> dilzsl” - il» Ad, 
oe te 
where 6, = |z,|?/||z||?, 56, = 1, 0 < 6, < 1. Integrating we obtain 


(2.7) [le@)|/° = Is |*exp( fz Mids). 


We use (1.2) to obtain 


(28) DAA +A” + BY) + BW) < Auld +A* + BO) + BO) 
. < Auld + A*) + AwlBO) + BW). 

Now let m(s) be the unit eigenvector of {B(s) + B*(s)} such that 

(2.9) Au {B(s) + B*(s)} = m*(s){B(s) + B*(s)}m(s) 


for0 < s < o. Also, setting B(s) = U(s) + iV(s) and m(s) = a(s) + i¢(s), 
(2.9) becomes 


(2.10) As(B(s) + B’(s)) = R(m"(s){B(s) + B’(s)}m(s)) 
= R[f{a’(s) — i¢’(s)} (U(s) + U's) + if V(s) — V"(s)})(a(s) + é4(5)))] 
= 2(a’(s)U(s)a(s) + 4°(s)U(s)o(s) + a’(s){ Vs) — V(s)} o(s)) 
= 23 Vuls)lac(s) + 626)} +22 Vuls)au(sdau(s) + (8) 4465) 
+ 22 { Vys(s) — Vas(s) }ors(s) 6,4(5). 
Now 
m"(s)m(s) = D> fa'(s) + 6:5)} = 1 


and we obtain 
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(2.11) Aw{B(s) + B"(s)} < 2max Uy,(s) +4 >> [Ui,(s)| 
tH) 
+ 22 |Vis(s) — Vys(s)}. 
ys 
We conclude from (2.7), (2.8) and (2.11) that 


(2.12) | |z(t)||? < ||z0]|* exp( ut +2 f max U.s(s)ds 


+4 f E Wulsrlds +2 J > |Vasls) — V n(s)|ds) 


In case (a), by (2.3), we select K > 0 such that 


(2.13) ll2(t) |? < K |u|" exp( te + : f max U ls)ds}) . 


and the result follows from (2.2). Case (b) is analogous with the use of (2.4) 
and (2.12). 


THEOREM 2. Consider 
(2.14) z= {T+ B(d)}x 


and assume 


(2.15) T is triangular, T,, = 0 for j < i, and max R{A,(T)} = a, 
(2.16) fiB.wla < @, i Xi, 
0 


t 
(2.17) lim sup} f max Ri Bi (s)}ds < —a; 
too t 0 t 


then every solution of (2.14) converges to0 ast— @. 


Proof. Let x = Hy where 


Dice 
Oe. 
H= : , 
. O 
>. .0r 


e#0O then (2.14) becomes 7 = {D+ C(t)}y with D = H-'TH, 
C(t) = H-'B(t)H. Proceeding as above we obtain 


(2.18) ||z(t)||? = |Izo]|* exp( J > A,{D + D* + C(s) + c*(s)\ods) 
where z is the unitary transform of y. Now 


(2RfA.(7)}, t=}, 
(2.19) (D + D*)i; = | oT 15, t<j, 
FT 55, j< i, 
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and C,;(s) = e*’B,,(s). By (2.16) and (2.18) there exists such a constant K 
that 


(2.20) |[x(t)|?< K||xo||’ exp( u(D ae D’*) +2 f max 8{B .(s)}ds) : 


but since the eigenvalues of a matrix are continuous functions of the entries, 
Au (D + D*) can be made to differ arbitrarily little from 2 max R(A,(T)) = 2w 
by choosing « sufficiently small. (2.17) completes the argument. 

The divergence theorems follow analogously. We omit proofs. 


THEOREM 3. Consider (1.1). Assume 


(2.21) Am(A + A*) = ow 
and 


(2.22) lim int + f (min Ri Bi(s)} —_ 2>> IR{B.s(s)} | 
tia 0 tj 
— 2B |S1B(s) — BY(s)} alas > — he 
then every solution of (2.1) diverges to ~ ast— ~, 


THEOREM 4. Consider (2.14). Assume (2.16), T triangular, min R(A,(T)) =e 
and 


t 
(2.23) lim inf if min R(B,,(s))ds > —w; 
tsa t 0 
then every solution of (2.14) diverges to ~ ast— @, 


Theorems 2 and 4 provide a simple proof of the following familiar statement: 


if 
Swolia < 


and all solutions of = Ax either (a) converge to 0 or are bounded or (b) diverge 
to ~ ast — ~, then the same is true of (1.1). For (b) implies min R{A,(A)} > 0. 
By a change of variable assume (1.1) is in the form # = {T + SB(t)S“'}x 
with T triangular, 


JoisB@s*) lat < @ 
for all (7, 7) and (2.16) holds, 
lim inf 4 “min R({ SB(s)S“} ds = 0, 
and (2.23) holds. Case (b) follows by Theorem 4. Case (a) is similar. 


3. The equation (1.2). If f(t) is a continuous complex-valued almost- 
periodic (a.p.) function on [0, ©) set 


Mf) = fim i J feras. 
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A minor modification of an argument due to Favard (2) proves the following: 


THEOREM 5. If f(2) is real-valued, M{f(t)} > 0, and 


f reras 


is not bounded on (0, ~), then there exists a sequence of intervals [d,, b,] with 
Dn > an > 0, Gn < Gnii (n = 0,1,...), lim a, = ©, such that 


dn 


f(s)ds > n. 


We show in Theorem 6 that Theorem 5 is easily applied to obtain some 
sufficient conditions that imply the stability of (1.2) assuming the boundedness 
on [0, ~) of solutions to 


(3.1) % = A(t)x. 


For any finite collection of a.p. functions and any e > 0 there exists a common 
relatively dense set of translation numbers with respect to «. Hence we may 
consider A (#) an a.p. matrix function. 

Denote by X(#) the fundamental matrix of solutions (f.m.s.) of (3.1) with 


X(0) = J. 
Note that 
(3.2) lim sup ||X(t)|| < © 
and 
(3.3) \X(t)| = exp f tr A (syask 


together with the Hadamard deteruiinant theorem imply that 


t 
(3.4) m(h) = lim sup f RtrA(s+h)ds << @ 
tio 0 
for any h > 0. We have 


THEOREM 6. Assume 


(i) M{® tr A(t)} > 0, 
(ii) (3.2) holds, 

(iii) lim sup m(h) < @, 
(iv) JUBElias < @; 


then all solutions of (1.2) are uniformly bounded on [0, ~). 


Before proceeding, note that (i) and (ii) imply M{®R tr A(#} = 0. 
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Proof. First consider the translated equation 
(3.5) &= A(i+h)x (h > 0). 


(ii) clearly implies that all solutions of (3.5) are bounded on [0, ©) for 
each h. 


Let X(t; h) be the f.m.s. of (3.5). Suppose there exists h, — © such that 
(3.6) lim lim sup X(t; h,) = ©. 
N—co tro 
Then 
An 
lim lim sup ||X(¢ + h,) adj X (h,)|| exp) — f R tr A(s)as} = 0, 
N-yco tra 0 


and we conclude from (ii) that 


fx tr A(s)ds 


is not bounded on [0, ~). By Theorem 5 there exists a sequence of intervals 
[a,, 5,] such that 


da 
(3.7) R tr A(s)ds > n. 


Setting 1, = b, — a, and s = a, + t, (3.7) becomes 


ln 
f R tr A(t + a,)dt > n, 
0 


and we conclude that m(a,) > m, contradicting (iii). Hence there exists 
K > 0 such that 


(3.8) lim sup lim sup X(t;h) = K < @. 
hic tro 


Let u(b, t) be a solution of (1.2) with u(b,0) = b. Using the variation of 
parameters formula and taking norms on both sides, we have 


(3.9) | |u(b, £)|| < [IX (II Ilo] + J IX ()X-*(s)|| ||B(S)I| lu, 5) | as. 
In 8.9)i>s,t-—-s=h>O, 
4 1X (s + XH) = Als + WX (5 + XH) 


and it is obvious that X(s + 4)X~'(h) is the f.m.s. of (3.5). By (3.8) we 
conclude that 


lim sup ||X (#)X~*(s)|| = K < @. 
s>0 
Using an inequality due to Gronwall (3), we have 


lu(, I] < Kell exe( Kf 15.s)|s) 


and (iv) completes the proof. 











538 M. MARCUS 


We may remark that the argument applied to (3.5) will yield the usual 
stability theorem in case A(#) is purely periodic without use of the Floquet 
representation of the f.m.s. as a product of exponential and periodic matrix 
functions. 
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ON PARTIAL DIFFERENTIAL EQUATIONS IN A FIELD 
OF PRIME CHARACTERISTIC 


ARNO JAEGER 


In classical analysis ordinary differential equations and partial differential 
equations are distinct concepts, and the transition from one derivation to 
several partial derivations changes some of their properties distinctly. On the 
other hand, the algebraic theories of modified ordinary and partial differential 
equations (5; 6), based on the differentiations in the sense of Hasse (2) and 
Schmidt (3) and the multidifferentiations in the sense of Jaeger (4), turn out 
to be strikingly similar in the case of fields of prime number characteristic. 
However, the differential equations in fields of prime number characteristic in 
the usual, unmodified sense are special cases of the modified ones because of 
the relations between their respective operators; hence this similarity must 
also appear in the unmodified case. In the following, an easy explanation for 
this similarity is given, provided that only derivations of a separably generated 
algebraic function field F in m independent indeterminates over its ground 
field K are considered. For in this case it is shown that all partial differential 
equations can be replaced by ordinary differential equations in a suitable 
derivation D of F over K. This D is simply constructed in such a way that the 
set 


8 ee 


is a basis for the F-module of all derivations of F over K. An explicit example 
of such a “replacing derivation” is given in this paper. 

Let F be a separably generated algebraic function field of m independent 
indeterminates of prime number characteristic p > 0 with a separating 
transcendence basis x = (x, %2,...,%,) over its ground field K. Let D, 
(¢ = 1,2,...,m) be the partial derivations of F over K uniquely defined 
(1) by D,(x,) = 44, where 5,, denotes the Kronecker delta. The linear map- 
pings D, of F into itself are commutative under multiplication ; the abbreviation 


n 
D* = [| Di 
t=1 

will be used for their general products where a = (a, a@2,...,@,) is a vector 
whose components are non-negative integers and 

D‘ (i = 1,2,...,m) 
denotes the identity mapping 1. The multisequence {D*} is called a multi- 
differentiation of dimension n; if n = 1 it is also called a differentiation. 
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The formal expressions A = }>.a.D* (a. € F) where the sum is extended 
over finitely many distinct vectors a whose components are non-negative 
integers are called multidifferential operators in D (or also differential operators 
if m = 1). They define mappings 

y— Aly) = DaaeD*(y) 
of F into itself and form a ring 2 = Q(D, F) of mappings when addition is 
defined in the usual way and multiplication by Dy = D,(y) Di + yD, (y € F; 
«= 1,2,...,m). The zero element of this ring is denoted by 0. 
LEMMA 1. The operators 
Dt (¢ = 1,2,...,%) 
where q = p' and t is any positive integer, map every element of F onto zero. 

Proof. The operator defines a derivation of F over K. It has the property 
that 

Di(x;) = 0 (fos a 
hence, its restriction to K[x] is the trivial derivation (i.e. the zero operator). 
But the prolongation of a derivation of K[x] to F is unique (1), and hence 
this prolongation is a zero operator. 

Let P be the two-sided ideal of 2 generated by 


Di, D3, ..., Dr. 


Ifa. # Oand D* ¢ P the number >. a, is called the order of a,D*. Let A = }-.4.D" 
be a multidifferential operator which does not lie in P, then the minimum 
of the orders of the additive terms a,D* for which a, ~ 0 and D* ¢ P holds is 
called the minimal order m, of A. If all terms a,D* of A with a. ~ 0 have the 
same order the operator A is called homogenous of order m,. Order and minimal 
order are not defined for elements of P. 


LemMMA 2. No multidifferential operator A = > .4.D* of minimal order 
m, > 1 defines a derivation. 


Proof. We have obviously A (x,;) = 0 (i = 1, 2,..., ). Suppose now that 
A is a derivation, then it must follow that also A(x*) = 0 where 


v= [I x, w= (ui, M2, -- +» Mn) 


can be chosen such that 
n 
) a Hi = Ma; 
t=—1 


all nu; < p and a, ~ 0. But it can be seen easily that 


[0 if au 
D*(x*)4 =0 if Sa, = my, buta x pw 
|=0 if dia; > M,. 


Hence we have A (x*) = }°.a.D*(x*) ~ 0, a contradiction. 
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Coro.iary 1. Let H be the set of all multidifferential operators of minimal 
orders greater than 1. Then I = HU P is a left-ideal of Q. 


COROLLARY 2. A multidifferential operator A is a zero operator if and only if 
4 €P. 


Since two multidifferential operators A and B define the same mapping 
of F into itself if and only if A=B (mod P), it is sufficient to consider the opera- 
tor ring 2/P. A multidifferential operator A = }°.a.D* is called reduced with 
respect to P if none of its non-zero terms a,D* lies in P; the reduced operators 
can be taken as representatives of the residue classes of 2/P. Furthermore 
we can identify the additive group, consisting of the operator 0 and all homo- 
genous multidifferential operators of order 1, with the F-module M = M(D, F) 
of all derivations of F over K. 


Coro.tLary 3. Jf A*= A; (mod J) holds with q = p‘ for some positive 
integer t and A, € M, then A* = A, (mod P). 


Proof. A*and A,and hence, A* — A, define derivations. Since all derivations 
induced by elements of J are trivial it follows that A* — A, € P. 


THEOREM. There exists a differentiation d of F over K such that for each 
multidifferential operator A of Q(D, F) there exists a differential operator A of 
Q(d, F) which defines the same mapping of F into itself as A. 


Proof. It is sufficient to show the existence of a basis d = (d,, do,..., d,) 
of the F-module M such that d* = d,,; (mod P) holds for g = p‘,¢ = 1,2,..., 
n—1l. 


Example. Take d = }>x/?+'D,, then it follows that 


d= > x,""'D, (mod J) 


t=1 


(k any positive integer), and, by using Corollary 3, we have especially 


d‘ = > x,7"'D, (mod P). 
t=—1 
But the elements 
d, = > x?"*"D, Ce: as 
t=—1 


form a basis of the F-module M since 


det (x ?"*") ¢ 2-1,2 ial n ¥ 0. 


CoroLiary. Every partial differential equation in F over K can be written as 
an ordinary differential equation in F over K. 
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COUNTABLE PARACOMPACTNESS AND 
SOUSLIN’S PROBLEM 


MARY ELLEN RUDIN 


1. Introduction. A linearly ordered space S in which neighborhoods are 

segments is called a Souslin space if 
(i) S is not separable, but 

(ii) every collection of disjoint segments of S is countable. 

Whether a Souslin space exists is not known; this is the problem referred 
to in the title and was proposed by Souslin in (2). 

A covering of a topological space T is a collection of open subsets of T whose 
sum is 7. A covering is locally finite if every point of T is in some open set 
which intersects only a finite number of sets of the covering. A topological 
space T is said to be countably paracompact if every countable covering of T 
has a locally finite refinement (1). 

A topological space T is normal if for every two disjoint closed sets K, and 
K, of T there are disjoint open sets H; and H; of T containing K, and Kz, 
respectively; if, in addition, every point of T is a closed set, then T is a normal 
Hausdorff space. It is not known whether every normal Hausdorff space is 
countably paracompact. 

In this paper the following will be proved: 


THEOREM. [f there exists a Souslin space, then there exists a normal Hausdorff 
space which is not countably paracompact. 


Let us say that a topological space has property D if the following is true: 
whenever C;, C2, C3, ... 1s a decreasing sequence of closed sets having no common 
part, then there exists a sequence D;, D2, D3, ... of open sets having no common 
part such that, for each n, D, covers C,. 

In the proof of our theorem we shall use the following result due to Dowker 


(1, p. 220): A normal space is countably paracompact if and only if it has 
property D. 


2. Preliminary constructions and notation. We now assume that there is a 
Souslin space S. If S contains any separable segments, the collection of all 
maximal separable segments is at most countable; and the sum of this collec- 
tion of segments is not dense in S, since S would otherwise be separable. 
Hence there is a segment s in S none of whose subsegments is separable. 

Let R; be a collection of disjoint subsegments of s. Suppose R, has been 
defined for all ordinals a < 8, where 8 is a countable ordinal. If 8 is not a limit 
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ordinal, let Ss be the sum of the segment f Rs_, and Eg be a set consisting 
of one point from each term of Rg_:; the.. let Rg be the set of all maximal 
segments of Ss — Eg. If 8 is a limit ordinal, let Ss be the set of all points which 
belong to some segment of R, for every a < 8; and let Rg be the collection of 
all maximal segments in Ss. Since each E, is countable for all non-limit ordinals 
a < 8, the closure of the sum of all such E,s is separable; hence Rg exists for 
all B. 

Let R be the sum of all Rs where 8 is a countable ordinal. 

For each term x of R let ¢(x) denote the ordinal such that x belongs to 
Row- 

If 8 is a countable limit ordinal, then for each x in Rg we consider a sequence 
fi(x), fo(x), fs(x), ... of segments in Rg such that 

(a) fi(x1) = f,(x2) if and only if i = j and x; = x». 

(b) if x isa subsegment of a segment y of R where ¢(y) < 8, then, for some 
n, f(x) is a subsegment of y whenever i > n. 

From now on we will assume that whenever one of the letters x, y, z, or w 
is used it stands for a segment of R; whenever one of the letters i, 7, m, or n 
is used it stands for a positive integer; and whenever a greek letter is used it 
stands for a countable ordinal. 


3. Construction of T. The points of T are the ordered pairs (x, 2) where 
x is in R and m is a positive integer. We now define a neighborhood system 
in T. 
3.1. If @(x) is not a limit ordinal, a neighborhood of (x, m) consists of the point 
(x, 2) alone. 
3.2. If ¢(x) is a limit ordinal and 8 < ¢(x), a neighborhood of (x, 1) consists 
of all points (y, 1) such that x is a subsegment of y and 8 < ¢(y) < (x). 
3.3. To define neighborhoods of p = (x, ) if ¢(x) = 8 is a limit ordinal and 
nm > 1, we proceed inductively, assuming that neighborhoods have been 
defined for all (y, m) with m < nm and for all (y, 2) with ¢(y) < 8. 
Let F,(p), for each i, be the set of all points (f,(x), m — 1) where j > i. 
Let G.(p), for each a, be the set of all points (y, 2) such that x is a subsegment 
of y and a < ¢(y) < 8. 
A set N is a neighborhood of p = (x, m) if N is the sum of 
(a) a neighborhood of each point of some F;(p), 
(b) a neighborhood of each point of some G,(p), and 
(c) the point p itself. 
3.4. For better orientation and later use we mention the following facts 
about T. 

(i) The set C, consisting of all (x, m) with m > n is closed. 

(ii) For any 8, the set of all (x,m) with ¢(x) < B is countable, open, 
and closed. 

(iii) The neighborhoods of points of the form (x, 1) as described in 3.2 are 
open and closed. 








ce 


ne 


cts 


en, 











COUNTABLE PARACOMPACTNESS AND SOUSLIN’S PROBLEM 545 


(iv) If ¢(x) is a limit ordinal, m > 1, and x is a subsegment of z, then every 
neighborhood of (x, ) contains points of the form (y, m), for any.m <n, 
such that ¢(y) = ¢(x) and y is a subsegment of z. 


4. To prove that T has the desired properties we introduce more machinery. 

Let Q be a subcollection of R. If x has the property that every subsegment 
y of x (in R) contains a segment z such that z is in Q, then we say that x is 
Q-full. If x is Q-full, then, for any 8, we let L(x, 8, Q) be the collection of all y 
such that 

(a) y is a subsegment of x belonging to Q and ¢(y) > 8; 

(b) y is not a proper subsegment of any segment of R for which (a) holds. 

Since the segments of L(x, 8, Q) are disjoint, they are countable, and there 
exists a smallest ordinal 5(x, 8, Q) such that ¢(y) < (x, 8, Q) for every y in 
L(x, B, Q). 

We note that 8 < 4(x, 8, Q). 


5. Proof that T does not have property D. We let C, be the closed set 
consisting of all points (x, m) where m > n. Suppose that, for each n, D, is an 
open set containing C 


LemMA 5.1. Let mn be fixed. For every x there exists a subsegment y such that, 
if z is any subsegment of y, (z, 1) is a point of D,. 


Let Q, be the set of all x for which (x, 1) is not in D,. The lemma is equiva- 
lent to the assertion: no x is Q,-full. 

To prove the Lemma, suppose x is Q,-full. Let 8; = $(x), 8, = (x, By1, On) 
fori > 1, and B be the limit ordinal of 8, 82, 83, . . . . By 3.3, there is a segment 
v of Rg such that y is a subsegment of x and (y, 1) is in D,. 

For each i, let z,; be the segment of L(x, 8;, Q,) of which y is a subsegment. 
Since z, is in Q,, (z;, 1) is not in D,. By 3.2, (y, 1) is a limit point of the sequence 
(21, 1), (22, 1), (2s, 1),... . Consequently (y, 1) is not in D,, and this contra- 
diction proves Lemma 5.1. 

5.2. Let P,, be the set of all x such that (y, 1) isin D, if y isa subsegment of x. 
Lemma 5.1 shows that every x is P,-full for every n. 

Let x be a segment of R,; pick y such that 6(x, 1, P,) < y for every n. 
Let y be a subsegment of x belonging to R,. We see that (y, 1) is in D, for 
every n. 

Consequently D,-D2-D;- ... exists and T does not have property D. 


6. Proof that T is a normal Hausdorff space. It is clear that every point 
of T is a closed set. 

Let H and K be disjoint closed subsets of 7. For each n let H, and K, be 
the sets of all x for which (x, m) is in H or K, respectively. 


LEMMA 6.1. Suppose i and j are integers and x and y are segments of R where 
y is a subsegment of x. Then, if x is H,-full, y is not K ,-full. 
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Suppose, on the contrary, that x is H,-full and y is K -full. Choose yo > $(y). 
For odd n, let 7, = 5(y, Ya-1, Kj); if m is even, let y, = 8(x, ya-1, H,). Let y 
be the limit ordinal of Vis V2. VY39---- 

There exists a subsegment z of y in R,. If i = 7 the point (z, 7) is clearly a 
limit point of both H and K which is impossible since H and K are closed and 
disjoint. Assume i < j. Then clearly (z, 7) is a limit point of K. But every 
neighborhood of (z, 7) contains points of the form (w, 7) where w is a subsegment 
of y in R,; and (w, 7) is a limit point of H. So (z, 7) is also a limit point of H 
which is a contradiction. 

The case j < 7 is treated similarly. 


LEMMA 6.2. There is an ordinal yu with the following property: no x in R, 
contains two segments y and 2 such that y is in H, and z is in Ky, for any choice 
of m and n. 


Let P, be the set of all x none of whose subsegments in R belongs to H, 
for any n. Let P, be the set of all x none of whose subsegments in R belongs 
to K,, for any m. Let P’, for i equal to 1 or 2, be the collection of all maximal 
segments in P;. Then P;’ is countable, and we can choose y» so that ¢(y) <u 
for all y in P,’. Choose x in R,. 


Case 1: No subsegment of x is K,,-full for any m. 


Then every segment is /,,-full where J,, is the set of all segments none of 
whose subsegments belongs to K,,. Put ap = wu, am = (x, a@m—1, Tm), and let a 
be the limit ordinal of a1, ae, a3,.... 

If z is a subsegment of x in R,, then z is in P:; so z is a subsegment of w 
for some w in P,’. By our choice of uw, we see that x is a subsegment of w, and 
it follows that no subsegment of x in R belongs to K,, for any m. 


Case 2: Some subsegment y of x is K,,-full for some m. 


By 6.1 no subsegment of y is then H,-full for any n. Proceeding as in Case 1, 
we see that y is a subsegment of a segment w of P;’, so that x is also a subseg- 
ment of w, and no subsegment of x belongs to H, for any n. 

This completes the proof of Lemma 6.2. 


6.3. Choosing yu in accordance with Lemma 6.2, we let X be the set of all (x, m) 
for which ¢(x) < u. Then X is a countable, closed and open subset of 7; 
and we can order the points of X in a simple countable sequence i, ps, ps, .... 

Let Ay = H-X and By = K-X. We shall construct nonintersecting se- 
quences A;, Ao, A3,... and B,, Bs, B;, .. . of closed sets. Having constructed 
A, and B,,_1, consider the point p,, = (x, 2). 


I. Suppose that p,, is not in By_1. 


Case 1. If $(x) is not a limit ordinal, let A, = An1 + pm, and let 
Ba = B,,-1. 
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Case 2. If $(x) is a limit ordinal and m = 1, let J be a neighborhood of 
bm of the type described in 3.2 such that J does not intersect B,,. Put 
A, = Ani + J and B,, = B,-1. 


Case 3. If $(x) is a limit ordinal and n > 1, choose i and 8 so that no point 
of Fi(Pm) or of Gs(p,) (using the notation introduced in 3.3) is a point of 
An-1- We put An = An-1 + Pm + F (Pm) + Ga(Pm) and B, = By-1- 


Il. If pm is in Bus, then perform the operations of cases 1, 2, and 3 above 
interchanging A and B. 


Then A,, and B,, are closed and disjoint and the induction is complete. 
We now prove 


6.4. The sets A = Ay +Az2+Az3+...and B= B,+ B.+ B;+... are 
open. 


Proof. If p = (x, m) isin A, then ? is certainly an interior point of A when- 
ever $(x) is not a limit ordinal and whenever n = 1. Suppose A is not open. 
Then there is a point (x,) = p of A which is not an interior point of A, but 
such that every point (y,7) of A where i < m and every point (z,) where 
¢(z) < (x) is an interior point of A. If m is the integer such that p,, = p, 
the above construction of A,, and the definition of neighborhood in 3.3 show 
that a neighborhood of p,, is included in A. 

Hence A is open and the same is, of course, true of B. 


6.5. Let V’ and W’ be the collections of all x in R, which have a subsegment 
in some H, or in some K,, respectively. Let V and W be the sets of all points 
(y, 2) with y a proper subsegment of a segment of V’ or W’, respectively. 

Then V and W are open disjoint subsets of T by Lemma 6.2. 

Finally, the sets A + V and B + W are disjoint and open and cover 
and K, respectively. Hence T is normal and the proof is complete. 
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A NOTE ON THE SEPARABILITY OF 
AN ORDERED SPACE 


B. J. BALL 


An open interval of a simply ordered set S is a subset J of S such that either 

(1) for some a € S, I = {x € S\x < a}, 

(2) for some a € S, I = {x € Sla < x}, or 

(3) for some a € Sand b € S, I = {x € Sla <x < d}. 

A simply ordered set with its interval topology (i.e., the topology in which 
“neighborhood of x’’ means “‘open interval containing x’’) will be called an 
ordered space. 

It is shown that a connected ordered space S is separable provided it satisfies 
Souslin’s condition (2) (i.e., there exists no uncountable collection of mutually 
exclusive open subsets of S) and there is a countable family F of continuous 
functions of S into itself such that each point p of S is a limit point of 
{f(p)| f € F}. 1fSis not assumed to satisfy Souslin’s condition, the existence of 
such a family F does not imply that S is separable; however, if no element of 
F has a fixed point or if the elements of F can be arranged in a sequence 
{f.} such that for each point p of S, {f,(p)} — », then S must satisfy Souslin’s 
condition and hence must be separable. 


Notation. If S is an ordered space and a and 5b are elements of S such that 
a < b, then ab will denote the open interval of S with end points a and 5; 
i.e., ab = {x € Sla <x <b}. As usual, S X S will denote the topological 
product of S with itself and if f is a function of S into itself, then G(f) will 
denote the “graph”’ of f in S X S; that is, G(f) = { (x, f(x))|x € S}. 


THEOREM 1. Suppose S is a connected ordered space and F is a countable 
family of continuous functions of S into itself such that each point p of S is a 
limit point of {f(p)|f € F}. If S satisfies Souslin’s condition, then S is separable. 


LemMMA. Under the above hypothesis, if a,b and c are elements of S such that 


a <b < ¢, then for some f in F, G(f) intersects the subset (ab X bc) + (be X ab) 
of S XS. 


Proof of Lemma. Since 6 is a limit of {f(5)|f € F}, there exists an element 
f of F such that f(b) € ac and f(b) # b. Suppose f(b) € bc. Since f is contin- 
uous, there exists a neighborhood V of } such that f(V) C be. Since S is 
connected, there exists a point x of V such that x € ab. Since x € ab and 
f(x) € be, (x, f(x)) € ab X bc. Similarly, if f(6) € ab, there exists an x in dc 
such that (x, f(x)) € bc X ab. Hence G(f) intersects (ab X bc) + (be X ab). 
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Proof of Theorem 1. In (1) it is shown that if S is not separable there 
exists an uncountable collection U of mutually exclusive open subsets of 
S X S such that if U € U, there exist points a, b, c of S such that a < b <c¢ 
and U = (ab X bc) + (be X ab). Since F is countable and for each U in U 
there is an f in F such that G(f) intersects U, there exists an fo in F such that 
G(fo) intersects each of uncountably many elements of Ul. Since for each U 
in U, the intersection of G(fo) and U is an open subset of G(f), G(fo) contains 
uncountably many mutually exclusive open sets. But since fy is continuous, 
G(fo) is homeomorphic to S and hence satisfies Souslin’s condition. 

That Theorem 1 does not remain true if the requirement that S satisfy 
Souslin’s condition be dropped is shown by the following example. 

Let the points of S be the ordered pairs (x, y) of real numbers such that 
0 < y <1 and let (x, y:) precede (x2, y2) in S if and only if either x; < x2 
or x; = x,and y; < ye. Then S is a connected ordered space but is not separable 
since it does not satisfy Souslin’s condition. For each positive integer n, 


let 
). 


Then for each m, both g, and h, are continuous functions of S into itself. 
If p = (x, y) then # is a limit point of {g,(p)} if 0 < y < 1 and 9 is a limit 
point of {h,(p)} if y = O or y = 1. Hence if F = {{g,} + {h,}}, then for each 
p in S, p is a limit point of {f(p)|f € F}. 





(ey) =(x,9-2 +2), m(e,9) = (2+ & ) 


1 
n 


THEOREM 2. Jf S is a connected ordered space and F is a countable family of 
continuous functions of S into itself such that (1) no element of F has a fixed point 
and (2) each point p of S is a limit point of {f(p)|f € F\, then S is separable. 


LEMMA 1. Every uncountable subset of a connected ordered space has a limit 
point. 


Proof of Lemma 1. Suppose S is a connected ordered space and M is an 
uncountable subset of S which has no limit point. Let a be a point of S and 
suppose there are uncountably many points x of M such that a < x. Since S 
is connected, every infinite bounded subset of M has a limit point. Hence if 6 
is a point of S such that a < b, then ad contains not more than a finite number 
of points of M. It follows that there exists a sequence {x,} of points of M such 
that for each n, a < x, < X,4:. Since for each m there are not more than a 
finite number of points of M in the interval ax,, but there are uncountably 
many points x of M such that a < x, the sequence {x,} is bounded and hence 
has a limit point. 


LemMA 2. Jf S is a connected ordered space and G is an uncountable collection 
of mutually exclusive intervals of S, then there exist a point p of S and an infinite 
countable subcollection G’ of G such that every neighborhood of p contains all but 
a finite number of the elements of G’. 
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Proof of Lemma 2. Let M denote a set consisting of one and only one point 
of each element of G. Since M is uncountable, it has a limit point. If ¢ is a 
limit point of M, then either every open interval containing q contains a 
point x of M such that x < g or every open interval containing g contains a 
point x of M such that g < x. Hence there exists a sequence {x,} of points of 
M such that either (1) for each n, x, < Xa41 < gor (2) foreach m,qg < X%g41<Xq. 
Since S is connected and {x,} is bounded, {x,} has both a greatest lower bound 
in S and a least upper bound in S. In case (1), let p be the greatest lower bound 
of {x,} and in case (2), let p be the least upper bound of {x,}. In either case 
it is clear that the sequence {x,} converges to p. For each n, let g, denote the 
element of G which contains x,. It is easily seen that since the elements of G 
are mutually exclusive, every neighborhood of p contains all but a finite num- 
ber of the intervals gi, go, gs,....- 


Proof of Theorem 2. Suppose G is an uncountable collection of mutually 
exclusive open intervals of S. For each element g of G, there exists an element 
f, of F such that f,(g) intersects g. Hence there exist an element f of F and an 
uncountable subcollection G’ of G such that for each element g of G’, f(g) 
intersects g. From Lemma 2 it follows that there exist a point p of S and a 
sequence gi, g2, g3,... of elements of G’ such that every neighborhood of ¢ 
contains all but a finite number of the intervals gi, ge, gs,.... For each n, 
let p, be a point of g, such that f(p,) € g,. Then {p,} — » and hence since 
f is continuous, {f(p,)} —f(p). But since for each m, f(P,) © ga, {f(Pn)} — P. 
Hence f(p) = p and f has a fixed point. Hence S satisfies Souslin’s condition. 
It follows from Theorem 1 that S is separable. 


Note. If in the hypothesis of Theorem 2 the elements of F are required to 
be homeomorphisms of S onto itself, it can be shown by a direct argument that 
for each point p of S the set 


{f(p)lf € F, n = 0, +1, +2,...} 
is a countable dense subset of S. 


THEOREM 3. If S is a connected ordered space and {f,} is a sequence of con- 
tinuous functions of S into itself such that for each point p of S, \{f.(p)} >? 
and for infinitely many integers n, f,(p) # p, then S is separable. 


Proof. Suppose G is an uncountable collectior of mutually exclusive open 
intervals of S. For each element g of G there exist a point p, of g and an integer 
n, such that for m > n,, f,(p,) € g. Hence there exist an integer m and an 
uncountable subcollection G’ of G such that for each element g of G’, m = ny. 
By Lemma 2 to Theorem 2, there exist a point p of S and a sequence gi, g:, 
g3, .. . of elements of G’ such that every neighborhood of p contains all but a 
finite number of the intervals gi, ge, gs, . . . . It follows as in the proof of Theo- 
rem 2 that for k > n, f,(p) = p. But this is impossible by hypothesis. Hence 
S satisfies Souslin’s condition. Hence, by Theorem 1, S is separable. 
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UNE CARACTERISATION VECTORIELLE-METRIQUE 
DES ESPACES L! 


A. GROTHENDIECK 


Soit C un espace de Banach (nous ne parlerons que d’espaces sur le corps des 
nombres réels, pour simplifier). On dit que C posséde la propriété de Nachbin 
ou est un espace (NV), si pour toute application linéaire continue u dans C 
d’un sous-espace vectoriel F d’un espace de Banach E, il existe une application 
linéaire de méme norme de E dans C qui prolonge u. Une étude compléte de 
ces espaces a été faite par Nachbin (9), qui prouve: pour tout espace compact 
stonien' K, l’espace C(K) des fonctions continues sur K, muni de sa norme 
uniforme, est un espace (JV); et réciproquement si C est un espace (J) et si 
sa boule unité admet un point extrémal, alors il est isomorphe (avec sa norme) 
a un espace C(K) construit sur un espace compact stonien K convenable. 
C’est surtout la réciproque qui est profonde. Quant 4 la partie directe, c’est 
une conséquence facile du résultat suivant plus fort (dont je m’excuse de ne 
pas me rappeler une référence précise): Si K est un espace compact stonien, 
et si C(K) est une sous-algébre d’une algébre C(L) (ZL compact quelconque), 
il existe une projection de norme 1 de C(L) sur C(K) qui est une représentation 
d’algébre?; résultat parfois commode, et qui réduit dans une certaine mesure 
les propriétés algébrico-topologiques de C(K) Aa celles d'une algébre (J) 
formée de toutes les fonctions bornées sur un ensemble d’indices J (car prenant 
I = K, C(K) se trouve plongé dans (I) isomorphe a C(f) (f compactifié 
de Stone de J), et on peut appliquer le résultat précédent). Enfin, dans le cas 
particulier d’un espace L® construit sur une mesure arbitraire qui est isomorphe 


Regu le 27 septembre, 1954. Cet article est destiné surtout A donner une preuve correcte 
d’un des résultats annoncés dans une ancienne note (3, théoréme 5). (Je m’étais apercu peu 
aprés la publication de cette note que la preuve de ce résultat était incompléte.) En plus (en 
attendant la publication prochaine de (4)), le lecteur pourra consulter (6) pour ce qui concerne 
les produits tensoriels topologiques. 

1Rappelons qu’on appelle espace stonien un espace compact K tel que l’espace des fonctions 
réelles continues sur K soit complétement réticulé pour sa relation d’ordre naturelle. 

*On peut donner de cet énoncé diverses variantes, telle que: soit u une représentation d’une 
algtbre C(L) dans C(K), supposons C(L) plongée dans une algébre C(L’), alors u se prolonge 
en un homomorphisme d’algébre de C(L’) dans C(K) (L, L’, K sont des compacts, K stonien.) 
C’est vrai en effet si C(K) est du type [(J), algébre des fonctions bornées sur un ensemble 
d’indices J, i.e. si K est le compactifié de Stone d’un ensemble discret J; car alors on est ramené 
4 prolonger un caractére défini sur C(L), ce qui est classique. Et d’autre part, on se raméne 
au cas particulier précédent, grace A la remarque du texte que C(K) est plongé dans /~(J), 
quand J désigne K muni de la topologie discréte, et qu’il existe alors une projection de ”(J) 
sur C(K) qui est une représentation. Le théortme de prolongement de Nachbin peut se démon- 
trer de la méme facon en se ramenant au cas d’un espace [”(J), et de 14 au probléme de pro- 
longement d’une forme linéaire continue, lequel est résolu par le théortme de Hahn-Banach 
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a un espace C(K), avec K compact stonien, en vertu d'un classique théoréme 
de Gelfand-Stone, une démonstration trés naturelle de la partie directe du 
théoréme de Nachbin se présente dans la théorie des produits tensoriels topolo- 
giques, ot on obtient trés simplement toutes les propriétés vectorielles- 
métriques essentielles des espaces C(K) (K compact quelconque) et L', 
propriétés qui ne sont que des variantes diverses d'une seule quelconque entre 
elles, p . ex. celle de Nachbin (4, §2, N° 2). 

Nous étudions ici une propriété duale de la propriété (NV), qui nous con- 
duira vers les espaces L' (au lieu des espaces L”). Soit u une application 
d’un espace de Banach L dans le quotient E/F d’un espace de Banach E par 
un sous-espace vectoriel fermé F, on dit qu’un application » de L dans E 
reléve u, si u est le composé de v et de l’application canonique de E sur E/F. 
Considérons E/F comme un sous-espace de son bidual (E/F)"’, lequel s’identi- 
fie, comme on sait, au quotient E”/F” du bidual de E par le bidual de F 
(lui méme identifié 4 un sous-espace de E”, par la bitransposée de l’application 
identique de F dans £). Alors une application u de L dans E/F est aussi une 
application de L dans le quotient E’’/F’”, et la définition précédente donne un 
sens a l’assertion: l’application v de L dans E” reléve l’application u de L 
dans E/F. Ceci posé, on a |l’immédiate 


PROPOSITION 1. Soit L un espace de Banach. Les conditions suivantes sur L 
sont équivalentes: 

(1) Quel que soit l’espace de Banach E et le sous-espace vectoriel fermé F de E, 
lapplication canonique 

L@F>L®E 
(4, §1, No 1 et No 3) est un isomorphisme métrique du premier espace dans le 
second. 

(2) Le dual L’ posséde la propriété de Nachbin. 

(3) Quel que soit l'espace de Banach E et le sous-espace faiblement fermé F° 
de son dual E’(F° polaire d'un sous-espace F de E), toute application linéaire 
continue u de L dans E'/F° se reléve en une application linéaire de méme norme 
de L dans E’. 

(4) Quel que soit l'espace de Banach E et le sous-espace vectoriel fermé F de E, 
toute application linéaire continue u de L dans E/F se reléve en une application 
linéaire de méme norme de L dans E”’. 


Démonstration. (1) signifie aussi que toute forme linéaire continue sur 
L ® F provient d’une forme de norme égale sur L ® E, ou encore (en inter- 
prétant ces formes linéaires comme des formes bilinéaires) que toute forme 
bilinéaire sur L X F se prolonge en une forme bilinéaire de méme norme sur 
L X E. Interprétant les formes bilinéaires sur L X F comme des applications 
linéaires de F dans L’, resp. de L dans F’ = E’/F°, on trouve que (1) équivaut 
& (2) resp. A (3). (3) implique (4) puisque pour donner un sens a (4), il faut 
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par définition regarder u comme une application linéaire de L dans E”/F”, 
or F” est un sous-espace vectoriel faiblement fermé du dual E” de E’ (savoir 
le polaire dans E” de F° C E’), et en vertu de (3) il existe bien une application 
linéaire de L dans E”’, de méme norme que wu, relevant u. Enfin prouvons que 
(4) implique (3). Avec les notations de (3), il existera en effet, en vertu de la 
condition (4), une application linéaire » de norme ||u|| de ZL dans le bidual 
E’" de E’ qui reléve u, i.e. telle que pour x € L, la forme vx sur E” ait pour 
restriction a F” l’élément ux de E’/F° (identifié au dual de F). Désignant par 
wx la restriction de vx a E, w est une application linéaire de L dans E’ qui est 
le relévement cherché. 


Remarque 1. II est facile de s’assurer que dans I|’énoncé des conditions 
précédentes, il suffit de supposer que les espaces E, F sont de dimension 
finie (dans ce cas, les conditions (3) et (4) deviennent d’ailleurs identiques). 
Il existe encore un assez grand nombre de variantes de ces conditions, que le 
lecteur pourra énoncer et établir a titre d’exercice, en s’inspirant de (4, §2, 
No 2). 


THEOREME 1. Soit L un espace de Banach. Pour que L satisfasse aux condi- 
tions équivalentes de la proposition 1, il faut et il suffit que L soit isomorphe 
(avec sa norme) a un espace L'(u) construit sur une mesure uw convenable (sur 
un espace localement compact convenable). 


La condition est suffisante, car un espace L! satisfait 4 la condition 1 de 
proposition 1, en vertu de Il’identification 


L'@E=L; 
(espace de fonctions vectorielles u-intégrables, 4 valeurs dans E) pour tout 
espace de Banach E (4, §2, No 1, Théoréme 3), et du fait que |’inclusion 
Ly CLs 
respecte la norme. Montrons la réciproque. Supposons donc prop. 1 vérifiée, 
L’ est alors un espace (N), de plus, étant un dual, sa boule unité admet un 
point extrémal en vertu du théoréme de Krein-Milman. Le théoréme de 
Nachbin nous apprend que L’ est isomorphe avec sa norme a un espace C(K) 
(K compact convenable, d’ailleurs stonien, mais peu nous importera). Par 
cet isomorphisme, L devient un sous-espace vectoriel fermé du dual de C(K), 
espace des mesures sur K. On va alors prouver le théoréme suivant, qui a 
son intérét propre: 


THEOREME 2. Soit K un espace localement compact, C = Cy(K) l’espace des 
fonctions continues nulles al infini sur K, muni de la norme uniforme. Supposons 
que C soit isomorphe (avec sa norme) au dual d'un espace de Banach L; on peut 
donc supposer L C C’, l'isomorphisme de C avec L’ étant donné par I’ accouple- 
ment entre C et le sous-espace L de son dual. Sous ces conditions, K est un espace 
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compact stonien, C est isomorphe a une algébre de von Neumann’, et L est exacte- 
ment l'ensemble des mesures normales sur K, i.e. des combinaisons linéaires de 
mesures positives yw qui ont la propriété suivante: Pour toute partie filtrante 
crotssante A de C, de borne supérieure f dans C, on a yw(f) = limu(f,) (la 
limite étant prise suivant le filtre des sections croissantes dans A). 


Il en résulte bien que L est isomorphe a4 un espace L' (4) construit sur une 
mesure » convenable, comme il résulte par exemple d’un théoréme classique 
de Kakutani (7). 

Soit C+ le cbne positif de C, je dis qu’il est faiblement fermé (par topologie 
faible, nous entendons ¢(C, L)). En vertu d’un théoréme classique de Banach- 
Dieudonné (1, No. 10, th. 5; nous utilisons le corollaire bien connu qu'une 
partie convexe du dual E’ d’un espace { F} est faiblement fermée si et seulement 
si son intersection avec toute partie faiblement compacte I'est), il suffit de 
prouver qu’il en est ainsi de son intersection avec le boule unite de C, or cette 
derniére est l'ensemble des f telles que ||f — g|| < 1 pour toute g égale a 
0 ou 1 d’od notre affirmation (puisque la boule unité de C est évidemment 
faiblement fermée, et méme faiblement compacte). Il en résulte que pour 
toute f € C, l'ensemble des éléments de C qui sont majorés (resp. minorés) 
par f est faiblement fermé. Soit, pour 0 < f < 1, A, l'ensemble des g € C 
telles que f < g < 1, A, est aussi identique a l’intersection de la boule unité de 
C et de l’ensemble des éléments de C minorés par f, donc est faiblement 
fermé, donc faiblement compact puisque borné. Comme I'intersection d'un 
nombre fini des A, est non vide, les A; ont une intersection non vide. Donc 
la fonction 1 appartient a C, i.e., K est compact. Soit A un ensemble filtrant 
majoré dans C, soit A’ l'ensemble des majorants de A, et pour f € A, f’ € A’ 
soit A, l'ensemble des g € C comprises entre f et f’. Les A, constituent 
une base de filtre formés d’ensembles faiblement compacts, donc ont une 
intersection J non vide. Un élément ¢ de J majore A, donc appartient a A’, 
et minore A’, donc est un plus petit élément de A’, donc c’est une borne 
supérieure de A dans C. Cela montre que K est stonien. D’autre part, J étant 
réduit 4 un point, on voit que la base de filtre formé des ensembles faiblement 
compacts A, converge faiblement vers ¢, a fortiori le filtre des sections 
croissantes de A (qui est plus fin) converge faiblement vers ¢. Cela prouve 
en particulier que tout élément positif de L est une forme normale. Prouvons 
maintenant que pour tout f € C, l’opération de multiplication par f dans C 
est faiblement continue. K étant stonien, les combinaisons linéaires des 
fonctions caractéristiques d’ensembles A la fois ouverts et fermés (i.e. les idem- 
potants de l’algébre C) sont denses dans C, ce qui raméne aussit6t au cas 
ot f est une telle fonction caractéristique (car les endomorphismes faiblement 
continus de C forment un sous-espace fermé de l’espace normé L(C) de tous 


*On appelle algébre de von Neumann une algétbre autoadjointe d’opérateurs continus dans un 
espace de Hilbert, avec unité et faiblement fermée. Les scalaires peuvent é@tre réels ou comp- 
lexes. 
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les endomorphismes continus). Alors l’application correspondante de C est 
un projecteur dont l'image est fC et le noyau f’C (ou f’ = 1 — f), et il est bien 
connu‘ qu’il suffit de prouver que ces espaces sont faiblement fermés. II 
suffit de le voir pour le premier (le second est du méme type), et en vertu 
du théoréme de Banach-Dieudonné déja utilisé, il suffit de montrer que son 
intersection avec la boule unité est faiblement fermée. Or cette intersection 
est aussi l'ensemble des g telles que —f < g < f, et est par suite faiblement 
fermé en vertu de ce qui a été dit plus haute. Soit f € C. Dire que f — fg est 
faiblement continue, signifie aussi que pour tout uw € L, la forme g — (fg, ») 
sur C est faiblement continue, i.e. appartient 4 L. Cette forme n'est autre que 
la mesure fy de densité f par rapport Ayu. Donc L est stable par multiplication 
par les f € C. Or, il est bien connu (et facile 4 vérifier) que pour toute mesure 
u sur K, |u| est limite au sens de la norme de mesures fu, f € C. Comme L est 
un sous-espace fortement fermé de C’, on en conclut que uw € L implique 
\u| € L, donc que L est un sous-lattice de C’. En particulier, L est engendré 
par ses éléments positifs, donc les u € L sont des formes normales. Pour tout 
élément positif u de L, considérons l’espace L*(yu), soit H leur produit hilbertien 
(quand yz parcourt L+); pour f € C, soit U,l’opérateur dans H qui sur chaque 
facteur L?(u) se réduit 4 la multiplication par f. On a ainsi une représentation 
unitaire de C dans H. Cette représentation est biunivoque, car si U,; est nul, 
on voit aussit6t que f est orthogonale 4 toutes les 1» € L*, donc orthogonale a 
L, donc nulle (puisque C s’identifie au dual de LZ). De plus, pour x € H, 
y € H, la forme (U;x, y) sur C est dans L. En effet, L étant fortement fermée 
dans le dual de C, il suffit de le prouver quand x et y parcourent une partie 
totale de H, en particulier quand x et y appartiennent a un des espaces L*(y). 
On peut supposer que c’est le méme pour x et y (autrement on a une forme 
nulle sur C). Alors on a 


(U;x, y) = f fghdw 


ot g et h sont dans L?(y), i.e. en introduisant ¢ = gh € L'(u), ona (Ux, y) = 
(f, du). Or les du, @ € L'(u) sont dans L, car il en est ainsi, on l’a vu, des du 
avec @ € C, or l'image de C dans L(y) est dense, et L est fermé dans C’. 
On a prouvé que la représentation U, est continue pour la topologie faible 
de C et la topologie “faible” de l’espace L(H) des endomorphismes de H. 


‘De facgon générale, soit E un espace (F), soient F et G deux sous-espaces vectoriels faible- 
ment fermés de E’, dont la somme est directe et égale a E’. Alors E’; faible est somme directe 
topologique de ses sous-espaces vectoriels F et G. En effet, F et G sont resp. les polaires des 
sous-espaces vectoriels F° et G° de E, soit u l’application linéaire de E dans (E/F°) X (E/G*) 
dont les deux composantes sont les applications canoniques de E dans les quotients. Le dual 
du produit est le produit des duals, i.e. F  G, et la transposée de u est l'application naturelle 
(y, 2) << y +2de F XG dans E’. Elle est biunivoque et sur par hypothése, et on sait qu'il 
en résulte (toujours une conséquence du théortme de Banach-Dieudonné!) que u est un iso- 
morphisme sur. Cela signifie aussi que F° et G° sont supplémentaires topologiques, d’ou enfin 
la conclusion voulue: leurs polaires F et G sont supplémentaires topologiques dans E’ faible. 
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Par suite elle transforme la boule unité de C en une partie faiblement compacte 
de L(H1). Ul en résulte (2, th. 8°) que l'image de C dans L(H) est faiblement 
fermée, i.e. est une algébre de von Neumann. Ainsi C est isomorphe a une algébre 
de von Neumann. On sait que si C est une C*-algébre isomorphe a une algébre 
de von Neumann, et si on désigne par Cs l’espace des formes normales sur C, 
alors C s’identifie avec sa norme au dual de Cs. Or on a vu que L C Cy. Cela 
implique L = Cx, car si on avait L # Cx. Il existerait une forme linéaire sur 
Cs non identiquement nulle, mais nulle sur le sous-espace L (Hahn-Banach), 
i.e. un élément de C non nul, qui s’annule sur L; absurde puisque on suppose 
que C s’identifie aussi au dual de L. Le théoréme 2 est complétement démontré. 


Remarque 2. Si on n’avait eu en vue que le théoréme 1, une partie de la 
démonstration du théoréme 2 aurait suffi, puisqu’on savait déja (par le thé- 
oréme de Nachbin) qu’on pouvait supposer K compact stonien (ce qui dispen- 
se de le démontrer). I suffisait alors de prouver seulement que les multiplica- 
tions dans C sont des opérations faiblement continues, d’od résulte que L est 
stable sous les multiplications par les f € C, donc est un “‘idéal’’ au sens 
latticiel, auquel le théoréme de Kakutani s’applique alors (et méme un cas 
particulier assez facile de ce théoréme). 


Remarque 3. On peut se demander si le théoréme 2 se généralise 4 toute 
C*-algébre (non nécessairement abélienne comme dans notre énoncé): Si 
une telle algébre C est isomorphe (avec sa norme) au dual d’un sous-espace 
L de C’, est-il vrai que C est isomorphe a une algébre de von Neumann, et 
que L est exactement l'ensemble des formes normales sur C ? Si on suppose L 
stable sous |’involution naturelle de C’ (elle le sera peut-étre automatiquement), 
alors nos raisonnements précédents prouvent encore que C a une unité, que 
toute partie filtrante croissante majorée de la partie hermitienne de C a une 
borne supérieure, et que le filtre des sections croissantes converge vers cette 
derniére pour la topologie faible définie par L. La seule difficulté est dans la 
question si L est engendré par sa partie positive, le raisonnement donné dans 
le cas commutatif ne vaut pas tel quel. Il semble probable cependant que la 
technique des C*-algébres jointe au théoréme de Banach-Dieudonné doive 
permettre de donner une réponse affirmative 4 notre question. 


Remarque 4. Le théoréme 2 montre qu'un espace C,(K) ne peut étre 
essentiellement que ‘‘d’une seule maniére”’ le dual d’un espace de Banach L 
(de facon précise, si on identifie LZ 4 un sous-espace de C’, L est uniquement 
déterminé). Il n’en est pas ainsi dans le cas général. Considérons par exemple 
l'espace E = I', je dis qu’il existe une infinité de sous-espaces vectoriels fermés 
F dans E’ = [° tels que E s’identifie (avec sa norme) au dual de F. En effet, 
il est immédiat qu’il existe une infinité de topologies 7 sur l'ensemble N des 
entiers qui fassent de N un espace localement compact Nr. Pour toute telle 


'Ce théortme est encore une conséquence du théortme de Banach-Dieudonné. 
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topologie, Co(N 7) est un sous-espace vectoriel fermé de /”, dont le dual est 
l’espace des mesures bornées sur |’espace localement compact dénombrable N 7. 
Or il est bien connu que toute mesure sur un espace Nr est discréte, donc que 
le dual en question s’identifie aussi a /' (Ny) = I. 

On peut se demander si dans I|’énoncé de la condition 4 de proposition 1, 
on ne peut pas remplacer E” par E lui-méme. La proposition qui suit donne 
une réponse complete: 


PROPOSITION 2. Soit L un espace de Banach qui jouit des propriétés de la 
proposition 1, i.e. (théoréme 1) est isomorphe (avec sa norme) a un espace L(y) 
construit sur une mesure uw convenable sur un espace localement compact con- 
venable. Pour que toute application linéaire continue u de L dans un quotient 
E/F d'un espace de Banach quelconque par un sous-espace vectoriel fermé F, 
se reléve en une application linéaire continue v de L dans E, il faut et il suffit 
que yu soit discréte, ou encore que L soit isomorphe (avec sa norme) a un espace I|'(I) 
(espace des suites sommables de scalaires sur un ensemble d’indices I convenable). 
Sil en est ainsi, alors on peut trouver méme un relévement v de norme arbit- 
rairement voisine de celle de u.*® 


Démonstration. Si u est discréte, i.e. somme d’une famille localement som- 
mable de masses ponctuelles, il est bien connu (et facile A voir) que L'(z) est 
isomorphe avec sa norme a un espace /'(J) (on prendre pour J l'ensemble 
d’indices de la famille précédente). D’autre part, pour un espace de Banach 
quelconque G, on sait que l’espace L(/l'(J), G) des applications linéaires 
continues de /'(J) dans G s’identifie, avec sa norme, a l’espace (J, G) des 
familles bornées (x,);.; d’éléments de G sur l’ensemble d’indices J, muni 
de la norme uniforme 


sup ||x;||; 
tel 
a (x,) correspondant I’application linéaire 
(Ac) > DL Aw, 
de I'(I) dans G. Soit alors u une application linéaire continue de /'(J) dans 


E/F, donc définie par une famille d’éléments (x,) de E/F de norme <]||u|\|, 
et soit « > 0. Pour tout i € J, soit y,; un représentant de x, dans E de norme 


llysll < A + [led] < A + &)|lall. 


Alors (y,) définit une application linéaire » de norme < (1 + «)||u|| de 
(1) dans E, et il est immédiat que v reléve l’application donnée u. Cela 
prouve que quand L est du type L'(u) avec une mesure yu discréte, il posséde 
la propriété envisagée dans la proposition 2. (Ce résultat, ainsi que la démon- 
stration donnée ici, sont dus AG. Kéthe). Réciproquement, supposons L = L(y) 

*Bien entendu, méme dans le cas od L est réduit au corps des scalairés, on ne pourra en 


général trouver un relévement v de méme norme que u, car en général un élément x du quotient 
E/F n'a pas de représentant dans E de méme norme que x. 
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tel que toute application linéaire continue de Z dans un quotient E/F puisse 
se relever en une application linéaire continue de L dans E. On sait que tout 
espace de Banach, en particulier L, est isomorphe 4 un espace quotient E/F 
d’un espace E = /'(J) construit sur un ensemble d’indices J convenable (par 
exemple J = la boule unité de ZL). Appliquant l’'hypothése sur L, on voit 
qu’il existe une application linéaire continue v de L dans E, inverse a droite 
de l'homomorphisme donné de E sur L, donc L est isomorphe (du point de 
vue vectoriel-topologique) 4 un facteur direct de Z, donc a un sous-espace 
de E = /'(J). Or, dans /'(J) les parties faiblement compactes sont compactes, 
comme il est bien connu; il en est donc de méme dans tout sous-espace vectoriel 
topologique de /'(J) et en particulier de L = L(y). Mais on sait que ceci 
exige que la mesure yz soit discréte (voir par exemple dernier alinéa de (5)). 
Ceci achéve la démonstration de proposition 2. 


Remarque 5. On peut considérer aussi les espaces de Banach L qui satisfont 
aux variantes vectorielles-topologiques des condition (de nature métrique) de 
la proposition 1, telle la variante suivante de la condition 4: Toute application 
linéaire continue de L dans un quotient E/F d’espace de Banach se reléve en 
une application linéaire continue de L dans E”. Utilisant le fait que l’espace 
de Banach L est isomorphe a un espace quotient d’un espace /'(J), on trouve 
facilement, en procédant comme dans la démonstration précédente, que L 
satisfait 4 la condition énoncée si et seulement si son bidual est isomorphe a un 
facteur direct d’un espace L'(u) (de facon précise, il sera isomorphe a un 
facteur direct du bidual de /'(J), lequel est lui-méme isomorphe 4 un espace 
L'(u), comme il résulte par exemple du théoréme de Kakutani). J’ignore si 
un tel espace est méme isomorphe, du point de vue vectoriel-topologique, a 
un espace L', tout comme on ignore si un espace de Banach C qui satisfait a 
la variante vectorielle-topologique de la propriété de Nachbin (qui est de 
nature métrique), est déja isomorphe (du point de vu vectoriel-topologiqua) a 
un espace (JV). 


Remarque 6. Il n’y a guére de doute que le théoréme de Nachbin, ainsi 
que les théorémes de ce travail, sont valables tels quels dans le cas de scalaires 
complexes au lieu de scalaires réels. I] n'est pas certain cependant que cette 
extension soit immédiate. 


Un probléme. Soit C un espace de Banach, considérons la condition sui- 
vante: 1’. Quel que soit l’espace de Banach E et le sous-espace vectoriel 
fermé F, l’application canonique 


C®E-C®E/F 
est un homomorphisme métrique du premier sur le second. (Je suis les nota- 
tions de (4), od j’emploie le signe y 4 la placedu signe A utilisé dans mon 


travail (6). On voit sans difficulté qu’une condition équivalente est: 2’. 
l’espace C’ dual de C satisafit aux conditions de proposition 1, i.e. (théoréme 1) 
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est isomorphe a un espace L'. Autres conditions équivalentes: Toute applica- 
tion linéaire continue (resp. compacte) d’un sous-espace normé F d’un espace 
de Banach quelconque E, se prolonge en une application linéaire continue de 
norme égale de E dans le bidual C” (resp. se prolonge en une application 
linéaire compacte de norme arbitrairement voisine de E dans C) (4, §2, N° 2). 
Nous dirons qu’un espace qui satisfait aux propriétés précédentes est un 
espace de classe C, tandis qu’un espace qui satisfait aux conditions de proposi- 
tion 1, i.e. isomorphe 4 un espace L', est appelé un espace de classe L. Ainsi E 
est de classe C (resp. L) si et seulement si son dual est de classe L (resp. C). 
Par exemple l’espace C(K) des fonctions continues sur un compact, avec la 
norme uniforme, plus généralement l’espace Co(M) des fonctions continues 
nulles a l’infini sur un espace localement compact M, sont de classe C (car on 
voit en vertu du théoréme de Kakutani que le dual est de classe L). Plus 
généralement, les ‘abstract M-spaces’’ de Kakutani sont des espaces C, car 
Kakutani montre que leurs duals sont des espaces L (8, p. 1021, théoréme 15). 
Il existe d’ailleurs des espaces C qui ne rentrent pas dans ce type, p.ex. l’espace 
des fonctions continues symétriques sur la circonférence unité du plan com- 
plexe (qui n’est pas un espace (yz), car les points extrémaux de la boule unité 
du dual forment un espace compact connexe, canoniquement isomorphe au 
quotient de la circonférence unité par identification des points diamétralement 
opposés.) Ces exemples suggérent la validité de l’énoncé suivant: Les espaces 
de classe C sont exactement ceux qui sont isomorphes (avec leur norme) a 
un sous-espace E d’un espace C(K) (K espace compact) formé par les fonctions 
qui satisfont 4 des conditions de la forme: f(x;) = Adf(y,) (x; et y,; éléments de 
K, \, scalaires, qu’on peut supposer compris entre —1 et +1). (Bien entendu, 
si l’espace E de classe C est donné, on prendra pour K Il’adhérence faible de 
l’ensemble des points extrémaux de la boule unité de EZ’, et on est ramené a 
un probléme d’approximation.) 
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Ajouté pendant la correction des épreuves. Monsieur Lowdenslager m’‘a fait 
observer les faits suivants. La généralisation du théoréme 2 conjecturée dans 
la remarque 3 a été prouvée récemment par Sakai, dans un papier qui sera 
publié dans le Pacific Journal of Mathematics. Le théoréme de Nachbin cité 
au début de ce travail a été prouvé indépendamment par D. B. Goodner; 
la plus jolie preuve connue semble étre celle de Kelley (Banach spaces with the 
extension property, Trans. Amer. Math. Soc., 72 (1952), 323-326), qui ne 
suppose pas que la boule unité admette un point extrémal. 


Institut H. Poincaré 











SUR LA FORME HERMITIENNE CANONIQUE DES 
ESPACES HOMOGENES COMPLEXES 


J. L. KOSZUL 


Introduction. Soit G un groupe de Lie connexe et soit B un sous-groupe 
fermé de G. Supposons que la variété homogéne G/B ou G opére transitivement 
& gauche soit munie d’une structure complexe invariante par les opérations 
de G, et qu’il existe sur G/B un volume invariant par G. Ce volume étant 
unique 4 un facteur constant prés, la forme hermitienne de G/B qui est 
canoniquement associée au volume et a la structure complexe se trouve entiére- 
ment déterminée par la structure complexe de G/B et le groupe transitif G (5). 
C’est cette forme hermitienne que nous appelons la forme hermitienne canonique 
de l’espace homogéne complexe G/B. L’intérét que présente cette forme pour 
la détermination des domaines bornés homogénes a été souligné par E. Cartan: 
une condition nécessaire pour que G/B soit un domaine borné est en effet que 
cette forme soit définie positive (1). 

Notre premier but est ici de calculer cette forme canonique a partir de 
données infinitésimales qui sont: l’algébre de Lie g de G, la sous-algébre de g 
qui correspond a B et un endomorphisme de g définissant la structure complexe 
invariante de G/B. Les paragraphes 1, 2, et 3 contiennent des préliminaires a 
ce calcul qui est achevé au §4. La formule obtenue met en évidence le réle 
joué par une certaine forme invariante de degré 1 sur G qui est definie par la 
structure complexe de G/B. Au §5, on en déduit des conditions nécessaires 
pour que la forme hermitienne de G/B soit non dégénérée. Une étude détaillée 
du cas ot G est semi-simple et B compact fait l’objet du §6. Elle montre que 
des relations étroites existent dans ce cas entre la compacité de G/B et les 
carrés négatifs de la forme canonique. Les résultats obtenus prouvent que les 
domaines bornés homogénes dont le groupe des automorphismes est semi- 
simple sont des domaines bornés symétriques au sens de E. Cartan (3). Les 
problémes que nous envisageons ici du point de vue de la ‘“Théorie des groupes 
de Lie” se rattachent 4 un grand nombre de résultats récents de Géométrie 
différentielle (2; 12). 


1. Champs de vecteurs projetables. Soit V une variété différentiable 
de classe ~ et soit F l’algébre sur le corps des nombres réels des fonctions a 
valeurs réelles indéfiniment différentiables sur V. On notera C le F-module des 
champs de vecteurs' sur V et 7T(C) l’algébre tensorielle du F-module C. 
Les éléments de degré » de T(C) constituent le F-module 7,’ des champs de 


Regu le 1 décembre, 1954. 
1Dans tout ce mémoire, on ne considére que des variétés et des champs de tenseurs indé- 
finiment différentiables. 
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tenseurs de type (0,) sur V. Le F-module 7,‘ = Hom ,(T7;’, To") est le 
module des champs de tenseurs de type (p, g) sur V. Il y aura parfois avantage 
4 considérer un élément ¢ € 7,‘ comme une fonction F-linéaire de p champs de 
vecteurs X, (j = 1,2,...,) A valeurs dans 79°; on écrira alors cette fonction 
t(X,,...,X,). Par abus de langage, les champs de tenseurs sur V seront 
appelés des tenseurs de V. 

Pour tout champ de vecteurs X, on notera @(X) la transformation infini- 
tésimale associée 4 X. Elle transforme un tenseur ¢ de type (p,q) en un 
tenseur 0(X).t de méme type. On a 


(1,1) (0(X) .t)(Xa,...,X~) 
= 0(X) . (¢(X1,...,Xp)) = Ft Kh eX) 


quels que soient les champs X, € C (j = 1,2,...,). 

Soit maintenant 7 une application différentiable de V sur une variété 
différentiable W. A tout tenseur ¢ de type (,0) sur W, l’application 7 fait 
correspondre un tenseur de méme type sur V noté x*.t. L’application x* est 
un isomorphisme. Soit F’ C F l'image par x* l’algébre des fonctions diffé- 
rentiables de W. Un champ de vecteurs X sur V sera dit projetable si 0(X). 
F’ C F’. Si X est projetable, il existe sur W un champ de vecteurs X’ et un 
seul tel que 0(X) x*.f = 2x*6(X").f pour toute fonction différentiable f sur W. 
Ce champ X’ sera appelé la projection de X et sera noté r.X. L’application r 
vérifie les propriétés suivantes: 


(1.2) si X et Y sont projetables, alors X + Y et |X, Y] sont projetables et 
w(X + VY) =o. X + 2.Y,2.[X, Y] = [4X, x. Y], 

(1.3) st X est projetable et si f est une fonction différentiable sur W, alors 
(x*.f) X est projetable et x.((x*.f) X) = f(x.X), 

(1.4) si t est un tenseur de type (p,0) sur W et si les X; (j = 1,2,...,p) 
sont des champs de vecteurs projetables sur V, on a 


(w*.t)(X1,...,X_y) = w*.(t(w.Xi,..., 4.Xpy)), 


(1.5) pour tout tenseur t de type (p, 0) de W et tout champ de vecteurs projetable 
X sur V, 0(X) x*.t = 2*O(x.X),.t. 


Si V est un espace fibré différentiable localement trivial et si r: V-—> W 
est la projection de V sur sa base, alors tout champ de vecteurs sur W est 
projection d’un champ de vecteurs sur V. 

Par la suite, on utilisera ces champs projetables dans le cas of V est un 
groupe de Lie connexe G et W un espace homogéne de groupe G. Plus précisé- 
ment, un sous-groupe fermé B sera donné? dans G et W = G/B sera la variété 
quotient de G par la relation d’équivalence: s — s’ lorsque s’ s~' € B. La 
projection r: G — G/B associe 4 chaque s € G sa classe d’équivalence consid- 


*Le sous-groupe B ne sera pas supposé connexe. 
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érée comme élément de G/B. On désignera par g l’algébre de Lie des champs 
de vecteurs invariants 4 gauche sur G et par 6 la sous-algébre des X € g qui, 
au point neutre e de G, sont tangents 4 B. Cette sous-algébre b est canonique- 
ment isomorphe a I’algébre de Lie des champs de vecteurs invariants 4 gauche 
sur B. La translation 4 droite par un élément s € G transforme tout champ 
de vecteurs X sur G en un champ noté Xs. Pour qu’un champ de vecteurs X 
sur G soit projetable sur G/B, il faut et il suffit que, pour tout s € B, le champ 
de vecteurs Xs — X soit dans le F-module Fb engendré par les éléments de b. 
Les champs de vecteurs dont la projection est nulle sont les éléments de Fb. 
En particulier, les champs de vecteurs invariants a droite sur G sont projetables. 
Les transformations infinitésimales associées 4 leurs projections correspondent 
aux opérations de G opérant a gauche sur G/B. 

Soit T(e’) l’espace vectoriel des vecteurs tangents 4 G/B au point e’ = z-.e. 
Les opérations de G sur G/B définissent une représentation linéaire de B 
dans T(e’) qui sera notée 4 gauche. Les X € g ne sont pas projetables en 
général, mais en associant 4 tout X € g l'image par I'application linéaire 
tangente a w du vecteur X, défini par X au point e, on obtient une application 
linéaire x’ de g sur T(e’) dont le noyau est 6. Pour tout s € B, on a alors 
S(m’.X) = 2’.(X s~') quel que soit X € g. 


2. Structure complexe invariante sur un espace homogéne. Les notations 
restant celles du paragraphe précédent, supposons que la variété G/B soit 
munie d'une structure presque complexe invariante par les opérations de G. 
Cette structure est définie par un tenseur J de type (1, 1) sur G/B, c’est a 
dire un endomorphisme du module des champs de vecteurs sur G/B, qui 
est invariant par G et vérifie la condition J?.U = — U pour tout champ de 
vecteurs U. Soit J,, l'endomorphisme de 7(e’) défini par J au point e’. De 
l’invariance de J par G résulte que J,, commute avec les opérations de B dans 
T (e’). Soit J un endomorphisme de l’espace g tel que 


(2.1) a’ J = I,,2’, 
(2.2) J.b6 = (0). 


Des propriétés de J,, résultent que 


(2.3) J*X = — X(mod b) pour tout X € g 
(2.4) (J.X)s = J.(Xs)(mod 6) pour tout X € gets € B. 


Réciproquement, soit J un endomorphisme de g vérifiant les conditions 
(2.2), (2.3) et (2.4). Il existe un endomorphisme /7,, de T(e’) et un seul qui 
vérifie la condition (2.1). Cet endomorphisme est de carré —1 et commute 
avec les opérations de B. I] définit donc un tenseur J de type (1, 1) sur G/B 
invariant par G et tel que J*?.U = — U pour tout champ de vecteurs U sur 
G/B, c’est a dire une structure presque complexe sur G/B. 

Le F-module des champs de vecteurs sur G étant un module libre qui 
admet pour base une base de Il’espace g, l’endomorphisme J de g est la restric- 























SUR LA FORME HERMITIENNE CANONIQUE 565 


tion d’un tenseur de type (1, 1) sur G qui est invariant par les translations a 
gauche et que l’on notera encore J. D’aprés (2.4), J.(Xs) — (J.X)s € Fb 
pour tout s € G et comme d’aprés (2.2) J.(Fb) = (0), on voit que si X est 
un champ de vecteurs projetable sur G, alors J.X est également projetable. De 
plus, J et J étant invariant par G, la condition (2.1) entraine que |'on a alors 


(2.5) w.(J.X) = I.(9.X). 


Supposons maintenant que la structure presque complexe donnée sur 
G/B soit une structure complexe. Le tenseur R de type (2, 1) sur G/B défini 
par 


R(U, V) = [U, V] + LIL.U, V] + L[U, 1.V] — [L.U,1.V] 


ot U et V sont des champs de vecteurs sur G/B est alors (8) égal 40. Associons 
comme précédemment a J un tenseur J sur G et posons 


S(X, Y) = [X, ¥Y] + J.[.X, ¥] + JX, JY] — UX, J.Y] 


quels que soient les champs de vecteurs X, Y sur G. Si X et Y sont des champs 
invariants 4 droite sur G, donc projetables, alors S(X, Y) est projetable et 
r.S(X, Y) = R(x.X,27.Y) = 0 d’aprés (1.2) et (2.5). Par conséquent, le 
champ de vecteurs S(X, Y) est dans Fb. Nous allons voir que ceci est encore 
vérifié pour des champs de vecteurs X, Y arbitraires sur G. II suffit pour 
cela d’observer que, pour toute fonction f € F, ona 


S(X,fY) = fS(X, VY) + O()f$)\(¥ + J*.Y) 


quels que soient les champs* de vecteurs X, Y. D’aprés (2.3), Y + J*.Y € Fb, 
par suite S(X,fY) = fS(X, Y) mod Fb. Comme S(X, Y) = — S(Y,X) et 
que le F-module des champs de vecteurs sur G est engendré par les champs 
invariants 4 droite, ceci prouve que la relation S(X, Y) € Fb est vérifiée 
quels que soient X et Y. En particulier, si X, Y € g, S(X, Y) € Fo\6 = Bb. 
On voit donc que, si J définit sur G/B une structure complexe, alors |’endomor- 
phisme J de g vérifie la condition 


(2.6) [X, ¥Y] + J.[.X, Y) + J.[X, J.Y] — U.X,J.Y] € 6 


quels que soient* X, Y € g. 

Réciproquement, si l’on part d’un endomorphisme J de g qui vérifie les 
conditions (2.2), (2.3), (2.4) et (2.6), la structure presque complexe sur G/B 
qui lui correspond est une structure complexe invariante par G. En effet, 
S(X, Y) € Fb quels que soient les champs de vecteurs X, ¥ sur G et par suite, 
si X et VY sont projetables, R(#.X, 7.Y) = 0. Tout champ de vecteurs sur 


’—D’aprés la formule [X, fY] = f[X, Y] + (0(X).f) Y, valable quels que soient les champs de 
vecteurs X, Y et la fonction f. 

‘Des conditions (2.2) et (2.3) résulte que J(J? + 1) = 0. On vérifie facilement que (2.6) 
équivaut a la condition suivante: si J© est le prolongement de J 4 l’algébre g° complexifiée de 
g, le sous-espace des zéros de J°(J©° — 7) est une sous-algébre de g°. 
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G/B étant projection d’un champ de G, on a R = 0 c'est a dire que le tenseur 
I vérifie la condition d’intégrabilité. Comme J est invariant par G, il est 
analytique réel pour la structure analytique réelle canonique de G/B. On sait 
que dans ces conditions, J définit sur G/B une structure complexe (8). 


3. Une expression de la forme hermitienne associée 4 un volume. Nous 
supposerons ici que V est une variété analytique complexe de dimension 
réelle 2” sur laquelle est donnée une forme différentielle réelle w de degré 2n 
partout de rang 2” sur V. Un champ de vecteurs complexes sur V est une 
combinaison X + (—i)'Y od X et Y sont des champs de vecteurs réels. 
Pour tout champ de vecteurs complexes ¥ sur V, on notera 0.% la divergence 
de %, c’est a dire la fonction différentiable 4 valeurs complexes définie par 
6(%).w = (0.¥%)w. On vérifie facilemént les formules 


(3.1) 0(¥) A.D — oY) aX = a[%, 9], a.(f¥) = f(a.%) + o(%) 


qui sont valables quels que soient les champs %, 9) et quelle que soit la fonction 
complexe f. 

Soient z, (j = 1,2,...,) des coordonnées locales complexes au voisinage 
d’un point de V et soient 3; les champs de vecteurs complexes tels que 
6(3,).f = af/dz; pour toute fonction différentiable 4 valeurs complexes 
définie au voisinage de ce point. Le volume w s’écrit localement 


w= Kdz, A ...d&, A dz; A... din 


ot K est une fonction différentiable 4 valeurs réelles ou imaginaires pures 
suivant la parité de m. On a, pour tout i, 


8d Log K d Log K 
o.3,- Se, 0.3, = 


Soit 9) un champ de vecteurs analytique sur V qui s’écrira localement 


y = > 58, 


ot les 6, sont des fonctions analytiques et soit ¥ un champ de vecteurs de type 
analytique sur V, c’est a dire s’écrivant localement ¥ = }a,3, 00 les a, sont 
des fonctions différentiables 4 valeurs complexes. D’aprés (3.1), on a 
= “~. ab “ dLogK ; 
a.) = —é ———ae ©, 
2 > 02, 7 > a, 
Puisque 0b,/dz, = 0 quels que soient j et k, on a donc 
n 2 
6(X). (a. = ——— i @  & 
( ) ( Y) 2, Oz 02, i Vk 


Or le tenseur dont les composantes sont localement 


d°Log K 
02 02, 








vr = WwW 
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est la forme hermitienne (1) associé au volume w. On voit donc que 
(3.2) St Y est un champ analytique et si X est un champ de type «xalytique, 
alors 6(X).(8.2)) = h(%, 9) or h désigne la forme hermitienne associée au volume w. 

On observera que cette expression de h, dont le caractére intrinséque nous 
sera commode dans la suite, cesse d’@étre valable pour des champs &, 9) quel- 
conques. 

La restriction de 4 aux champs de vecteurs réels est une forme bilinéaire 
symétrique réelle qui vérifie la condition h(J.X, Y) + A(X, I.Y) = 0, od J est 
le tenseur de type (1, 1) sur V qui définit la structure complexe. On désignera 
par a la forme antisymétrique réelle a(X, Y) = h(X, IY). Si X et Y sont deux 
champs de vecteurs réels sur V et si ¥ = X —iI.X et 9 = Y—iJ.Y sont 
les champs de type analytique qui leur correspondent, on a 4 a(X, Y) = 
ih(% + ¥%, 9 —Y) = 1 (h(%, Y) — h(%, Y)). Si V est conforme, c'est a dire si J) 


est analytique, la formule (3.2) montre donc que 
2a(X, Y) = 0(X).(aI.Y) — 0(7.X).(0.Y). 
Compte tenu de (3.1), il en résulte que: 


(3.3) Si X et Y sont deux champs de vecteurs conformes tels que 8.X = 0 et 
0.Y = 0, alors 2a(X, Y) = 9. (J [X, Y)). 


4. Calcul de la forme hermitienne canonique des espaces homogénes 
complexes. Les notations étant celles du §1, supposons qu'il existe sur 
G/B un volume » invariant par G. Une condition nécessaire et suffisante pour 
qu'il en soit ainsi est que la représentation linéaire de B dans T(e’) se fasse 
par des endomorphismes de déterminant 1. Le volume invariant, s’il existe, 
est déterminé 4 un facteur constant prés. Etant donné un endomorphisme y 
de l’espace g tel que y.b C 6b, on notera Trg/t v la trace de l'endomorphisme 
de g/b déduit de y par passage au quotient. L’existence d’un volume invariant 
sur G/B implique Trg/s ad(X) = 0 pour tout® X € b. 

Soit X,; (j = 1,2,...m) une base de l’espace g telle que les X, dont 
l’indice vérifie 2n < 7 < m constituent une base de b, les entiers m et 2n 
étant respectivement les dimensions de G et G/B. Soient &; (j = 1, 2,...m) 
les formes de degré 1 invariantes 4 gauche sur G définies par £,(Xx) = 5,» 
(indice de Kronecker). L’image inverse 2 = 2*.w de la forme w est égale, a 
un facteur constant prés, a &; A & A ...&.. On pourra supposer la base X, 
choisie de sorte que ce facteur soit égal a 1. 


LEMME 1. Pour tout champ de vecteurs projetable X sur G, on a 


(4.1) s00.X= p> t,({X,, X]). 


5Si B est connexe, cette condition Trg/b ad(X) = 0 pour X € b équivaut a l’existence d’un 
volume invariant. 
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En effet, d’aprés (1.5), 
(x*dx.X) Q = x*.((0x.X) w) = 2*.(0(2.X).w) =. 0(X) x*.w = 0(X).2. 
D’autre part, 


DA... O(X).£) A. . Em 


j=1 


6(X) .2 


m 


2n 
= x > (O(X) .&,) (Xa) A. Epa A A Ena A... Een. 
7 Se 


Puisque les fonctions £,(X,) sont des constantes, la formule (1.1) montre que 
(0(X).€5) (Xz) — E,((X, Xe]) = O(X).(E,(X2)) = 0. 


Or, pour 2 <k < m, X, € 6, donc d’aprés (1.2), r.[X, X,] = 0, c'est a 
dire que [X, X,] est dans le module Fb engendré par b. Il en résulte que 
&, ((X, X,]) = 0 pour tout i > 2m et par suite, 


a(X).2= (x (IX, X)))e 


La formule (4.1) en résulte parceque 2 ~ 0 en tout point de G. 

Supposons maintenant donnée sur G/B une structure complexe invariante 
par G. Cette structure sera définie par un endomorphisme J de l’espace g 
vérifiant les propriétés (2.2), (2.3), (2.4) et (2.6). La restriction aux champs 
de vecteurs réels de la forme hermitienne canonique h de G/B a pour image 
inverse sur G une forme bilinéaire symétrique invariante 4 gauche 9 = x*.h. 
De méme, la forme antisymétrique a définie par a(U, V) = h(U,J.V) aura 
pour image inverse une forme antisymétrique a = z.*a invariante 4 gauche 
sur G. II résulte de (1.4) et (2.5) que 


(4.2) n(X, Y) = a(J.X, Y), 
quels que soient les champs de vecteurs X; Y sur G. Nous allons procéder au 
calcul de a. 

Soit X un champ de vecteurs invariant @ droite sur G. A sa projection 7.X 
est associée une transformation infinitésimale du groupe G opérant sur G/B 
Comme ces opérations de G conservent le volume w et la structure complexe 
de G/B, x.X est un champ de vecteurs conforme et dx.X = 0. Si donc X et Y 
sont deux champs de vecteurs invariants 4 droite sur G, on a d’aprés (3. 3), 
(1. 2) et (2. 5): 

2a(ax.X,4.Y) = 0.(I.[4.X, 2. Y]) = 0.(Ie.[X, Y]) = 0.(xJ.[X, Y]). 
D’aprés (1. 4) et (4. 1), on a donc 


(4.3) 2a(X, Y) = p> £,([X,, J. [X, Y]]). 


De cette formule qui donne a(X, Y) lorsque X et Y sont des champs 
invariants a droite, il nous reste 4 déduire la valeur de a(X, Y) lorsque X et Y 
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sont des champs invariants 4 gauche sur G. Soient X’ et Y’ les champs invar- 
iants 4 droite qui coincident respectivement au point neutre e de G avec les 
champs invariants 4 gauche X et Y. Posons 


[X’, Y’] = DX =I 
k= 
ot les f, sont des fonctions différentiables sur G. Comme T est invariant a 


droite, on a* pour tout indice 7: 


0= 1X, T= LOX) .f)Xet LHX, Xl 
et par suite, 
[X, J.T] = : (0(X 5) . fx) (J. Xx) + > fx, J .X;). 
Or le champ invariant 4 gauche 


Lf (e)X. 


qui coincide en e avec [X’, Y’] est égal A —[X, Y]. Par conséquent, au point 
e, [X,, J.T] coincide avec le champ invariant 4 gauche J.[X,, [X, Y]] — 
[X,, J. [X, Y]]. La formule (4.3) donne donc comme valeur de la fonction 
a(X, Y) au pointe: 


(4.4) 2a(X, Y) = > e((J.(X, YI, X,] — J. {X, YI, X,)). 


Comme a est invariante 4 gauche, cette égalité est vérifiée en tout point de G. 
Pour interpréter cette formule, on désignera par y la forme de degré 1 invari- 
ante 4 gauche sur G qui est définie par 


(4.5) ¥(X) = Trge(ad(J.X) — J ad(X)) 


pour tout X € g. Cette définition est justifiée car, d’aprés (2.4), si Y € 6, 
J ad(Y) — ad(Y) J applique g dans 6 et par suite, l’endomorphisme ad (J.X) — 
J ad(X) applique 6b dans b quel que soit X € g. La formule (4.5) s’écrit alors, 


(4.6) 2a(X, Y) = ¥([X, Y]) = (y)(X, Y) 
quels que soient X, Y € g. D’od le 


TutorEMeE 1. Si h est la forme hermitienne canonique de G/B, l'image 
inverse sur G de la forme antisymétrique h(U, I.V) est la différentielle extérieure 
de la forme invariante a gauche que définit (4. 5). 


Cette forme y est déterminée sans ambiguité par la structure complexe 
de G/B. En effet, si J’ est un autre endomorphisme de g qui définit la méme 
structure complexe sur G/B, on a J’.X = J.X mod 6 pour tout X € g et 
par suite, 
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Trg/e(ad(J’.X) — J’ad(X)) — Trg/e(ad(J.X) — J ad(X)) 
= Trg/e(ad(J’.X — J.X) — (J’ — J) ad(X)) = 0 


car Trg/ ad(Y) = 0 pour tout Y € b. 


(4.7) La forme y est invariante par les translations a droite par des éléments 
de B. Soit en effet r(s) l'automorphisme X — Xs de l’algébre de Lie g que 
définit la translation 4 droite par un élément s € G. La condition (2.4) signifie 
que, sit € B, alors Jr(t) — r(t)J applique g dans 6; par suite 


Trg/s(ad (Jr(t).X) — ad(r()J.X)) = 0 
pour tout X € g. Il en résulte par un calcul simple 
¥(r(t).X) = Trgsor(t)(ad(J.X) — J ad(X)) r(f)* = ¥(X), 


c’est 4 dire l’invariance de y par la translation a droite par ¢. 


5. Les espaces homogenes complexes dont la forme hermitienne canonique 
est non dégénérée. Soit B’ le sous-groupe fermé des ¢ € G tels que y soit 
invariante par la translation 4 droite par ¢. Ce sous-groupe qui contient B 
(4.7) est le sous-groupe de stabilité de y dans la représentation duale de la 
représentation adjointe s—>r(s). Les X € g qui, en e sont tangents a B’ 
constituent une sous-algébre b’ de g contenant b. Pour que X € J’, il faut et il 
suffit que 6(X). y = 0, autrement dit que 2a(X, Y) = ¥([X, Y]) = 0 pour 
tout Y € g. Ceci signifie que les X € b’ sont les éléments de g dont |’image 
par «’ (cf. §2) est un élément de T(e’) orthogonal A T(e’) pour la forme 
hermitienne canonique de G/B. On a donc le critére: 


(5.1) Pour que la forme hermitienne canonique de G/B soit non dégénérée, 
il faut et il suffit que b’ = b, c'est a dire que B soit un sous-groupe ouvert du 
groupe de stabilité de y dans la représentation duale de la représentation adjointe 
de G. 


Si la forme canonique est non dégénérée, l’espace homogéne G/B est donc 
un revétement de la trajectoire G/B’ de y dans cette représentation duale.* 

Si l’on suppose G semi-simple, la forme de Killing définit un isomorphisme 
entre la représentation adjointe et la représentation duale. De (5.1) résulte 
alors que 


(5.2) Si G est semi-simple et si la forme hermitienne canonique de G/B est 
non dégénérée, alors B est un sous-groupe ouvert du centralisateur d’un sous- 
groupe a un parameétre connexe de G. 


Si la forme y est nulle sur b, alors, y étant invariante a droite par B, il existe 
une forme ¢ de degré 1 sur G/B telle que’ r*.¢ = y. Cette forme est invariante 
*Si B est discret, il doit donc exister une trajectoire ouverte dans la représentation duale de 


la représentation adjointe de G. 
™La forme y est basique au sens de (7). 
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par G et, comme 
2n*.a = 2a = by = bx*.d = 2°*5.4, 


on a 6.6 = 2a. Si de plus la forme canonique de G/B est non dégénérée, le 
volume invariant w sur G/B sera 4 un facteur constant prés la puissance 
extérieure m-iéme de a donc la dérivée extérieure d’une forme invariante 
¢AaAa...a. On voit donc que 


(5.3) Si le volume invariant sur G/B n'est pas la différentielle extérieure d'une 
forme invariante de degré 2n — 1 sur G/B, et si la forme hermitienne canonique 
de G/B n'est pas dégénérée, alors y n'est pas nulle sur 6 et en particulier, b # 
[6, 5). 


On sait (11, Théoréme 12.1) que si G est unimodulaire et si la représentation 
adjointe de B dans g est complétement réductible, alors le volume invariant 
de G/B n'est pas la différentielle d’une forme invariante. De (5.3) résulte 
donc que 


(5.4) Si G est unimodulaire, si B est compact et si la forme hermitienne canoni- 
que de G/B est non dégénérée, alors le centre de B est de dimension*® > 0. 


Supposons maintenant que G opére de maniére effective sur G/B; le sous- 
groupe B ne contient alors aucun sous-groupe distingué de G autre que (e). 
Si la forme hermitienne canonique de G/B est non dégénérée, la composante 
connexe de |’élément neutre dans le centre de G se réduit a (e) car, d’aprés 
(5.1) elle est contenue dans B. Le centre de G est donc un sous-groupe discret. 
D’autre part, la forme canonique étant toujours supposée non dégénérée, si la 
représentation linéaire de B dans g/b qui est définie par la représentation 
adjointe de G est une représentation simple, alors G est un groupe semi-simple. 
En effet, si m est un idéal abélien de g, son image dans le quotient g/b est 
soit (0) soit g/b. Dans le premier cas m C 6 et donc m = (0) puisque G est 
effectif. Dans le second, la formule 2a(X, Y) = ¥([X, Y]) montre que m/(W’ = 6, 
donc que g = (0). 


6. Le cas d'un groupe transitif semi-simple. Dans ce paragraphe, on 
supposera que G est un groupe semi-simple et que le sous-groupe B est un 
sous-groupe ouvert du centralisateur d’un sous-groupe 4 un paramétre L de 
G. On supposera en outre que B est compact. On se propose de montrer que 
G/B posséde des structures complexes invariantes et d’étudier les formes 
hermitiennes correspondantes. 

Soit M un sous-groupe compact maximal de G contenant B, donc L. Puisque 
M est connexe (10), le centralisateur de L dans M est un sous-groupe connexe 
(9) de M et il en résulte que B est connexe. Soit Z le centre de G et G, = G/Z 
le groupe adjoint de g. L’image canonique de B dans G/Z est un sous-groupe 
compact B, de G,. Soit K, un sous-groupe compact maximal de G, contenant 


*Ce résultat est A rapprocher de certains résultats de Lichnerowicz (12). 
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B, et soit K le sous-groupe de G image inverse de K, dans G. La composante 
connexe de |’élément neutre dans le centre de K, est un sous-groupe fermé 
de B car elle est dans la composante connexe de |’élément neutre du central- 
isateur de L C K. Par suite, cette composante connexe du centre de K est 
compacte. Puisque K est connexe (10) et localement isomorphe au groupe 
compact K,, il en résulte que K est compact. Ainsi, le centre Z de G est un sous- 
groupe fini de G et les sous-groupes compacts maximaux de G et de G, ont 
méme dimension. 

Soit f la sous-algébre des X € g qui, au point neutre, sont tangents au sous- 
groupe compact maximal K de G. Puisque f est également la sous-algébre 
qui correspond au sous-groupe compact maximal K, de G,, il existe un auto- 
morphisme involutif o de l’algébre de Lie g tel que f soit la sous-algébre des 
éléments invariante par ¢. De plus, les éléments de l’algébre de Lie g° com- 
plexifiée de g qui sont de la forme X +17 Y avec o.X = X eto. Y= — Y 
constituent une sous-algébre de Lie gq’ (sur les nombres réels) qui est une forme 
compacte (4) de g. Soit § une sous-algébre abélienne maximale de g contenant 
la sous-algébre de dimension 1 qui correspond a L. On a § C 6 et 6 est égale- 
ment une sous-algébre abélienne maximale de g’. Par suite, la sous-algébre 
complexe 5° de g° engendrée par § est une sous-algébre de Cartan de 9°. 
Soient X, des vecteurs propres non nuls correspondant aux racines y ~ 0 
de g° relatives 4 cette sous-algébre de Cartan. Si o° désigne le prolongement de 
¢ en automorphisme complexe de g°, on a ¢°.H = H pour tout H € 6° et par 
suite o°.X, = + X, pour toute racine +. 

Soit G’ le groupe semi-simple compact adjoint de g’. Le sous-groupe com- 
pact K, de G, s’identifie 4 un sous-groupe de G’ et, dans cette identification, 
B, devient le sous-groupe fermé de G’ qui correspond 4 la sous-algébre 6 C q’. 
Ce sous-groupe B, de G’ est le centralisateur dans G’ du sous-groupe image 
de L dans B/Z = B, C G’. Par conséquent, l’espace homogéne G’/B, posséde 
des structures complexes invariantes en nombre fini (13). Soit J’ un endomor- 
phisme de l’espace g’ définissant une de ces structures complexes et soit J° 
son prolongement en endomorphisme complexe de l’espace g°. Des conditions 


(2.2), (2.3), (2.4), et (2.6) vérifiées par J’, on déduit que J° vérifie les condi- 
tions 


(6.1) J°.6° = (0) 

(6.2) (J°)2.X = — X (mod b°) pour tout X € 9°, 

(6.3) J°.[X, Y] = [X,J°.Y] (mod b°) quels que soient X € b° et Y € Q°, 
(6.4) [X, Y] + J°.[J°.X, Y] + J°.[X, J°.Y] — [J°.X, J°.Y] € 6° 


quels que soient X, Y € g° 
Il résulte de (6.3) que, pour toute racine y ~ 0, 
J°.X, = +1iX, (mod 6°). 


Par suite, J°o© — o°J© applique g° dans 6° et par conséquent, J°.g C gq. 
La restriction de J© a g est un endomorphisme J de l’espace g qui vérifie 
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visiblement les conditions (2.2), (2.3) et (2.6). Il vérifie aussi la condition 
(2.4) car, B étant connexe, cette condition est équivalente a la condition 
J.{X, Y] = [X, J.Y] (mod 6) quels que soient X € b, Y € g, laquelle résulte 
de (6.3). Ainsi, 2 toute structure complexe invariante sur G'/B, est associée une 
structure complexe invariante sur G/B. Un raisonnement analogue montre 
que. réciproquement, toute structure complexe invariante sur G/B est ainsi 
associée d une structure complexe invariante sur G'/B, 

Partant d'une structure complexe invariante sur G’/B, définie par J’ et 
munissant G/B de la structure complexe invariante associée, nous allons 
comparer les formes hermitiennes canoniques de G’/B, et de G/B. D’aprés 
(6.3), quels que soit X € g°, l'endomorphisme ad(J°.X) — J°ad(X) laisse 
stable 6°. La trace de l’endomorphisme complexe de g°/6° déduit de ad(J°.X) 
—J°ad(X) par passage au quotient est une fonction linéaire complexe de 
X € g° que Il’on note y¥°(X). Les formes y et ¥’ pour G/B et G’/B, sont 
respectivement égales aux restrictions de y° a g et a g’. Compte tenu de (4.2) 
et (4.6), on voit donc que les formes 7 et 7’, images inverses des formes her- 
mitiennes canoniques de G/B et G’/B, sont égales respectivement aux res- 
trictions a g et g’ de la forme bilinéaire complexe 


n°(X, Y) = 3y°([J°.¥, Y)). 


Comme ¢° est un automorphisme de g et que o°J©° — J°o applique 9° 
dans 6°, on voit que ¥°(o°.X) = ¥°(X) pour tout X € 9°. La forme 7° est 
donc invariante par o°; en particulier, si o°. X = X et o°.Y = — Y, ona 
n°(X, Y) = 0. On en déduit que 


Cc 


(6.5) L’image inverse n de la forme canonique de G/B se déduit de l'image 
inverse n' de la forme canonique de G'/B, par les relations: 


n(X, Y) = /(X, Y) sico.X = Xetc.Y = FY, 
n(X, Y) =0 sio.X = Xeto.Y = — Y, 
n(X, Y) = — 9 (i X,12 VY) sio.X = —Xeto.Y = — ¥. 


On est ainsi ramené a I’étude du cas od G est compact, g’ étant donc I'algébre 
de Lie g elle-méme. Puisque g est une forme compacte de g°, toute racine a 
relative 4 6° vérifie 2 = — a. Pour toute racine a ~ 0, soit H,’' l'élément de 
5° tel que a(H) = Tr ad (H,’) ad(H) pour tout H € 6°. On sait (14) que les 
X, peuvent étre choisis de telle sorte que, pour toute racine a ~ 0, 


(6,6) X, = —X_«, [Xa,X-.] = H, 0d H, = 2a(Ht) "Ht 


Le sous-groupe B étant compact, on peut supposer que l|’endomorphisme 
J de g qui définit la structure complexe invariante sur G/B commute avec 
ad(X) pour tout X € b. Les X, sont alors des vecteurs propres appartenant 
aux racines 0, i ou —i de J°. Soit Zl’ensemble des racines a ¥ 0 telles que 
J°.X =iX; les X, et X_. pour a € DP constituent une base d’un supplé- 
mentaire complexe de 6° dans g°. Pour toute racine y # 0, ona X, € [b°, 9°] 
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et par suite ¥°(X,) = 0. Pour tout H € 6°, on a J°.H = 0 et 
J° ad(H). X. = i a(H) Xz lorsque a € F La définition de ¥° donne donc® 


(6.7) ¥°(H) = — 21 dalA), a € &. 
Les U,. = Xa — X-a et Ve = i (Xa + X_2) pour a € F constituent une 
base d’un supplémentaire de 6 dans g. On a J.U, = Va et J.Va = — Us 


pour touta € ZF Sia et 8 sont des racines distinctes, [U., Vs] est combinaison 
linéaire des X, appartenant aux racines y ~ 0; il en est de méme de [U,, Us] 
et [V., Vs] quelles que soient les racines a, 8 # 0. Puisque ¥y°(X,) = 0 pour 
7 ~ 0, il résulte de (4.6) que les U, et Vg sont deux a deux orthogonaux pour 
la forme 7. Compte tenu de (6.6), on a 


(6.8) n(Ua, Uz) = n(Va, Va) a sy ([J. Ua, U,]) = 4i ¥°(H,) 
pour toute racine a # 0. 


LEMME 2. Pour toute racine y € DZ, on a Sa(H,) > 0 et pour toute racine 
y #0 telle que X, € 6°, on a Sa(H,) = 0, les sommes portant sur toutes les 
racinesa € &. 


Soit Y l’ensemble de racines comportant la racine 0, les racines dans 7 
et les racines a ~ 0 telles que X. € 6°. Pour qu’une racine a soit dans Y— F 
il faut et il suffit que a € Yet —a € Y La condition d’intégrabilité (2.6) 
vérifiée par J signifie que le sous-espace complexe engendré par les vecteurs 
propres qui appartiennent a une racine dans Y est une sous-algébre de Lie de 
a°. Par suite, sia, 8 € Vet sia + B est racine, alorsa + 8 € FY Il en résulte 
que, sia € GpBe Det sia+B est racine, alorsa+B € FZ. Ona en effet 
a+e¢€W9% et sia+8 était dans Y¥— F on aurait —(a+ 8) € Y donc 
—B=a-—(at+p)€Y d'or B € Y—F contrairement a I’hypothése. 
Soit y une racine #0 dans Y et soit 8 une racine telle que 8 + 7 ne soit pas 
racine. On appellera classe de 8 (relativement a y) l'ensemble Y des racines 
dans 2 qui sont de la forme 8 + ky (k entier). Comme |’ensemble de toutes 
les racines de la forme 8 + ky s’obtient pour p < k < 0 od # est un entier 
<0, il résulte de la remarque précédente que, si % # ¢, il existe un entier s 
vérifiant p < s < 0 tel que % soit l'ensemble des racines de la forme 8 + ky 
avec s < k < 0. Si 8 et y sont linéairement indépendantes, on sait (14) que 


8(H,) = — p. Puisque y(H,) = 2, on a donc dans ce cas 
LD a(H,) = (6+8 —y+...+8+ sy)(H,) (a € G) 
= (1 —s)(s— p) > 0. 
Si 8 et y sont linéairement dépendantes, alors 8 = y, car 8 = 0 et B = — y 


sont exclus du fait que 8 + y n'est pas racine. Dans ce cas, si % # ¢, c'est 
donc que y € Det B = (y), donc Ha(H,) = 2 > 0 pour a € H. Comme 


*La restriction de ¥° a § est bien une forme réelle car, si H=H, on a a(H) = — a(H) 
pour toute a, 
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toute racine dans Z appartient A une classe et une seule, on peut calculer 
Xa(H,) pour a € Z en groupant les racines a par classes. Si y € F les 
sommes partielles sont toutes >0 et la somme partielle relative A Y, est >0, 
d’od la premiére partie du Lemme. Si y € 4 — YF alors —y € 4%; pour toute 
racine B telle que Z ¥ 0, y est linéairement indépendante de 8 et p = s. 
On a donc Sa(H,) = 0 pour a € G, d’od la seconde partie du Lemme’. 

De ce Lemme et des formules (6.7), (6.8), il résulte que la forme hermitienne 
canonique de G/B est définie négative. Compte tenu des relations (6.5) qui 
raménent le cas d’un groupe G semi-simple au cas ot G est compact, on 
obtient les Théorémes suivants: 


THtorREME 2. Soit G un groupe semi-simple et soit L un sous-groupe a un 
paramétre de G. Si un sous-groupe compact B de G est un sous-groupe ouvert 
du centralisateur de L, alors B est connexe et l’espace homogéne G/B posséde 
des structures complexes invariantes. Pour chacune de ces structures la forme 
hermitienne canonique de G/B est non dégénérée. Le nombre de ses carrés négatifs 
est égal a la différence entre la dimension des sous-groupes compacts maximaux 
de G et la dimension de B. 


TuHtorEME 3. Si G est un groupe compact et si G/B est un espace homogene 
complexe dont la forme hermitienne canonique est non dégénérée, alors cette 
forme est définie négative. 


En effet, la composante connexe de |'élément neutre dans le centre de G 
opére trivialement dans G/B d’aprés les résultats du §5. On peut donc supposer 
G semi-simple, et la remarque (5.2) permet d’appliquer'' le Théoréme 2. 


TuHtorEME 4. Soient G un groupe semi-simple et B un sous-groupe compact 
de G. S'il existe sur l'espace homogéene G/B une structure complexe invariante 
pour laquelle la forme hermitienne canonique est non dégénérée, alors B est 
connexe, le centre de G est fini et le nombre des carrés négatifs de la forme canonique 
est égal a la différence entre la dimension des sous-groupes compacts maximaux 
de G et la dimension de B. 


C’est encore une conséquence de la remarque (5.2) et du Théoréme 2. En 
particulier, il résulte du Théoréme 4 que si la forme hermitienne canonique 


?°Nous n’utiliserons ici que la premiere partie du Lemme. La seconde a I'intéret de montrer 
que les racines y < F peuvent étre caractérisées par une inégalité de la forme (Hy) < 0 od 
est une fonction linéaire sur ©. On obtient ainsi une maniére de déterminer toutes les struc- 
tures complexes invariantes sur G/B (3; 13). 

"D’aprés un Théortme de Montgomery (Simply connected homogeneous spaces, Proc. Amer. 
Math. Soc., 1 (1950), 467-469), si G/B est compact et a un groupe de Poincaré fini, tout 
sous-groupe compact maximal dans G opére transitivement sur G/B. Par suite, si un espace 
homogéne complexe compact a un groupe de Poincaré fini et si sa forme hermitienne canonique 
est non dégénérée, alors cette forme est définie négative. Les Théortmes 3 et 4 sont en rapports 
étroits avec les résultats de Bochner et Lichnerowicz sur les champs de vecteurs de Killing 
et le tenseur de Ricci (2; 12). 
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est définie positive, alors B est un sous-groupe compact maximal et G/B 
est un espace riemannien symétrique. Ceci montre que les domaines bornés 
homogenes dont le groupe des automorphismes est semi-simple sont des domaines 
bornés symétriques au sens de E. Cartan (5); on sait en effet que leur forme 
hermitienne canonique est définie positive (1) et que le groupe de stabilité 
d’un point est compact (6). Une démonstration plus directe de ce résultat a 
été donnée par A. Borel qui suppose seulement que le groupe de tous les 
automorphismes du domaine borné contient un sous-groupe transitif semi- 
simple (3)'*. 


"On peut conjecturer que la non dégénérescence de la forme hermitienne canonique d'un 
espace homogéne complexe G/B correspond a une propriété intrins¢que du plus grand groupe 
des automorphismes analytiques de G/B qui conservent le volume (peut étre sa semi-simplicité). 
D’une maniére générale, il serait utile de savoir jusqu’od va l’analogie que nos résultats sem- 
blent indiquer entre la forme de Killing d’un groupe et la forme hermitienre canonique d’un 
espace homogéne complexe. 
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